ENTROPY ON REGULAR TREES

KARL PETERSEN AND IBRAHIM SALAMA

ABSTRACT. We show that the limit in our definition of tree shift topological entropy
is actually the infimum, as is the case for both the topological and measure-theoretic
entropies in the classical situation when the time parameter is Z. As a consequence,
tree shift entropy becomes somewhat easier to work with. For example, the statement
that the topological entropy of a tree shift defined by a one-dimensional subshift
dominates the topological entropy of the latter can now be extended from shifts of
finite type to arbitrary subshifts. Adapting to trees the strip method already used to
approximate the hard square constant on Z?, we show that the entropy of the hard
square tree shift on the regular k-tree increases with k, in contrast to the case of ZF.
We prove that the strip entropy approximations increase strictly to the entropy of the
golden mean tree shift for £ = 2,...,8 and propose that this holds for all £ > 2. We
study the dynamics of the map of the simplex that advances the vector of ratios of
symbol counts as the width of the approximating strip is increased, providing a fairly
complete description for the golden mean subshift on the k-tree for all k. This map
provides an efficient numerical method for approximating the entropies of tree shifts
defined by nearest neighbor restrictions. Finally, we show that counting configurations
over certain other patterns besides the natural finite subtrees yields the same value of
entropy for tree SFT’s.

1. INTRODUCTION

Entropy is a single number attached to a topological or measure-theoretic dynamical
system that in a limited but precise way describes the complexity or richness of the
system. In recent years increasing attention has been paid to the calculation of entropy
for systems in which the “time” is not Z nor R, but perhaps Z¢ for some d > 2, or
an arbitrary amenable group, or even a free or arbitrary countable group. We will
not attempt to review the extensive and rapidly developing literature here (nor the
connections with information theory, statistical mechanics, and other areas), referring
only to [8,10,11] for background and references.

Aubrun and Béal [1-5] proposed studying subshifts on trees, since for such systems
the “time” has both higher-dimensional and directional aspects, making them perhaps
somehow between one- and higher-dimensional subshifts. Steve Piantadosi [17] studied
the topological entropy of the hard square model on free groups Fi. He obtained an
explicit formula in terms of a rapidly converging infinite series and used it to show
numerically but rigorously that the entropy increases with k for a range of k. Here we
investigate some of these same questions for trees, with different methods but with some
closely related results.
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In a previous paper [16] we gave a definition of entropy for tree shifts and showed that
the limit in the definition exists. We proved that for a 2-tree shift defined by nearest
neighbor constraints, the tree-shift entropy dominates the entropy of the corresponding
one-dimensional shift of finite type. We also provided estimates for the entropies of
various 2-tree shifts, especially the ones determined by the “golden mean” (or “hard
square” or “hard core”) condition that no two adjacent nodes have identical labels.

One of our main results here (Theorem 2.1) is that the limit in the definition is actually
an infimum. As a corollary (Corollary 2.2) we show that the entropy comparison between
a one-dimensional shift of finite type and the tree shift it defines holds for all subshifts.
Then we adapt the “strip method” used for lattice shifts [13,15] to study the entropy
h*) of the golden mean subshift on the regular k-tree. Generalizing and improving
the result in [16], we show in Theorem 3.7 that h(¥) is strictly increasing in k. This
contrasts with the apparent decrease of the entropy for the golden mean SFT’s on Z*
for k =1,2,3,4 [9]. In Theorems 3.1 and 4.1 we show that for each fixed k = 2,...,8

the strip entropies hq(lk) increase strictly to h*). We believe that the statement holds for
all k > 2. Asin [17], a related map of the interval (or, for the case of more general tree
subshifts, simplex) appears as one considers ratios of symbol counts in the improving
approximations. We produce a thorough analysis of this map for the case of golden
mean restrictions (see Theorem 5.1) and show in Section 7 how to use it to obtain
rapidly converging approximations to the entropies of more general tree shifts. Finally,
we count configurations over extensions of the patterns that in this setting correspond
to intervals in the one-dimensional case, showing in Corollary 2.2 that for tree SFT’s
the resulting entropy is the same.

Apparently the definition of entropy considered here and in [16,17] is not the same
as sofic entropy (see [8,11]), since the latter is a conjugacy invariant while the entropy
considered here can increase under higher block codes.

1.1. Notation and setup. Let k£ > 2 and let ¥, = {0,1,...,k — 1}. The set X} of
all finite words on the alphabet Xj is the k-tree, which is naturally visualized as the
Cayley graph of the free semigroup on k£ generators. The empty word € corresponds to
the root of the tree and the neutral element of the semigroup. Let A ={0,1,...,d—1}
be an alphabet on d symbols. A labeled tree is a function 7 : X} — A. For w € X7, we
think of 7(w) as the label attached to the node determined by w. For each n > 0 let
A, = uoggnzg denote the initial height-n subtree of the k-tree. The cardinality of A,
is |Ap] =14+k+---+ k™ An n-block is a function B : A,, — A, which we think of
as a labeling of A,, or a configuration on A,. We say that an n-block B appears in a
labeled tree 7 if there is a node « € ¥} such that 7(zw) = B(w) for all w € A,. A tree
shift Z is the set of all labeled trees which omit all of a certain set (possibly infinite)
of forbidden blocks. These are exactly the closed shift-invariant subsets of the full tree
shift space T(A) = A¥. A tree shift Z is called transitive if it contains a labeled tree
7 such that for every £ € Z every block that appears in £ also appears in 7. Such a
labeled tree 7 is called a transitive point.

The complexity function pr of the labeled tree 7 assigns to each n > 0 the number
of n-blocks that appear in 7. The complezity function pz(n) of a tree shift Z gives
for each n > 0 the number of n-blocks among all labeled trees in Z. We are inter-
ested in studying the complexity functions of trees that are labeled according to certain
restrictions, in particular nearest-neighbor constraints specified by d-dimensional 0,1
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transition matrices. In [16] it was proved that for any labeled tree 7 the limit

: log pr(n)
(1.1) h(T)_nlggol—i—k—i—---—i—k"
exists. (With appropriate modifications the same proof applies to shift-invariant mea-
sures; see also [6,7].) This limit is called the topological entropy of the labeled tree 7.
The topological entropy h(Z) of a transitive tree shift Z is defined to be the topological
entropy of any of its transitive points.

2. THE LIMIT IN THE DEFINITION OF TREE SHIFT ENTROPY IS THE INFIMUM

Theorem 2.1. The limit in the definition of tree shift topological entropy is actually
the infimums:

) log p-(n) . log pr(n)
2.1 = lim = inf : B
(2.1) h(T) nlool TS in TS hr e n e

Proof. In the proof of the existence of the limit for A in [16], Aj,, was decomposed into
a union of shifts of A,,. But these copies of A,, did not have independent entries; in
fact they were not disjoint, since the last row of one formed the root vertices of the next
ones. So here we improve the estimate 2.2 in [16] by making them disjoint.

Fix n > 1 and consider A,. Its last row has k" entries. The next row has k"*!
entries, and we use these as root vertices for new shifts of A,. This new row ends with
E"T1E™ entries, so the next row has k2”12 entries, which we use as vertices of new shifts
of A,,. The last row now has k?"1t2k™ = k3712 entries, the next row has k"3 and each
of these becomes the root of a new shift of A,,.

We have formed a Ay, 1)_1 out of 14+k"+! 4 k2 1) 4 k3 1) disjoint copies of A,,.
In general, for each j > 1 we have
(2.2) P(i(n+1) = 1) < p() "I D/EED,
(In formula 2.2 of [16] we find the same estimate, except with < p(n) replaced by
< p(n+1). So this estimate is better.)

Then take logarithms, divide by (k/(»*1) —1)/(k — 1), and take the limit as j — oo,
to find that

log p(n)
2. h < :
(2:3) B R e S
Therefore
1
(2.4) h = inf og p(n)

n 1+k+k24+- k7
O

A first consequence of this result is a generalization of Theorem 3.3 of [16] for 2-trees
from shifts of finite type to arbitrary subshifts. Using the same argument and Theorem
3.7 below, the statement extends to k-trees. Let M be a d x d matrix with entries from
{0,1}. The matrix M defines a one-step shift of finite type (SFT) X s on the alphabet
A and a tree shift Zy; consisting of all k-trees labeled by A with the property that for
every w = wowy ... w; € X5, My, , =1 for all 0 < i < j. In [16, Theorem 3.3] it was
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also proved that h(Zys) = sup{h(7) : 7 € Zps} dominates the entropy h(Xys) of the
associated shift of finite type.

More generally, given any subshift X C A%, there is a naturally associated tree shift
Z(X) defined as follows. Denote by £(X) the language of X, namely the set of all finite
words on A found as subwords of sequences in X. The k shifts on X} are defined by
os(w) = sw,w € X7, s € . For s1,82,...,5, € X and s = s182...5,, € XF, define
05 = 0s, ...0s,,. On a labeled tree 7, define (057)(w) = 7(0,w) = 7(sw), s € X}.

We define the one-dimensional language of a tree shift Z to be the set £1)(Z) of

strings on the alphabet A found along paths in the tree:
(25) LO(Z)=eU{r(s):s € LU {r(w)r(ws)T(ws182) ... T(ws182. .. m) :
. m € N;w € ¥7;51,52,...,5m € Dk}

Given a subshift X C A%, we define the tree shift associated to X to be the unique tree
shift Z(X) such that

(2.6) LM (Z(X)) = L(X).

Corollary 2.2. Let X C A” be a subshift on a finite alphabet, let k = 2, and let Z(X)
be the tree shift on the binary tree associated with X. Then

(2.7) hiop(X) < h(Z(X)).

Proof. Given any subshift X, for each » € N let X, be the shift of finite type which has
the same r-blocks as X. Then X is the decreasing intersection of the X,.. Denote by
DX, PX,, and pz the complexity functions of the subshifts X and X, and the tree shift
Z, respectively. Then for 7 > n we have px, (n) = px(n), and similarly for pz(x,) and
pZ(X) Thus

htop(X) < hm htop(X'r') = 1nf htop(XT)

T r—oo

1 1
= infinf —1 = infinf —1
(2.8) infinf ogpx,(n) infinf ogpx, (n)
o1
= Hﬁfﬁ log px (n) = hiop(X).

In [16, Theorem 3.3] it was proved that if X is a one-step SFT, then
(2.9) heon(X) < h(Z(X)).

Each X, is an (r — 1)-step SFT and is topologically conjugate to a one-step SFT Y,
on the alphabet A()(X) of r-blocks which appear in X. In a labeled tree in Z(Y;), we
think of the last entry of the r-block labeling a node as being attached to that node. A
labeling by elements of A of the vertices of the k-tree is consistent with the restrictions
from X, if and only if it is consistent with the restrictions from Y;, so pz(x,) = pz(v,)-
Using (2.8), [16, Theorem 3.3] applied to Y, and Z(Y;), and Theorem 2.1, we then have

hop(X) = nf huop(Xr) = inf huop(Y;) < inf h(Z(Y;)) = inf h(Z(X,))
e 1 1
(2.10) = infinf ~logpz(x,)(n) = inf ~inflog py(x,)(n)

a1
= inf log pz(x)(n) = h(Z(X)).
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Remark 2.3. A similar statement applies to the entropy of an invariant measure p on
a tree shift Z and can be proved ny a similar argument. Denote by «,, the partition of
Z according to all possible labelings of the nodes of A, by elements of the alphabet A.
Then

1
h(Z)= lim —H, (o) = lim - w(A)log p(A)
H n—oo |A,,| " n—oo |Ay| A;
(2.11) X n
= inf H,(ay)
n Ay g

3. STRICT INCREASE WITH DIMENSION

We use the strip method for the golden mean shift of finite type on the k-tree, k > 2,
to show that the entropy h*) is strictly increasing in k.

For each n =0,1,2,... we define a 1-dimensional SF'T Z,(f) whose alphabet consists
of the legal (no adjacent 1’s) labelings of the subtree with &£™ nodes consisting of a vertex

with A(k_)l attached. (Aﬁ) =0.) E(()k) consists of allowed labelings of the left edge 0*

n
(see Section 1.1) of the k-tree and is conjugate to the ordinary one-dimensional golden

mean SFT. Egk) is the one-dimensional SFT formed by the strip of adjacent pairs of
vertices 0%, 0°1 down the left edge. For k = 2, thinking of the possible labels on vertices
as 0 and 1, we may represent it as the set of all one-sided sequences on an alphabet
{a = 00,b = 01,c = 10}, with the restriction that the block cc does not occur. The

alphabet for 252) consists of the allowed labelings of a 4-vertex tree as in Figure 1, etc.

FIGURE 1. Eg)

Denote by h(Eng)) the topological entropy of the one-dimensional SFT »®. Recall
that the alphabet of E%k) consists of allowed labelings of k" sites. We will show that
the site specific entropies h¥) = h(Zgﬁ))/k” of the strip SFT’s 2% have limit 2(*)=the
entropy of the golden mean labeled k-tree. Moreover, with the help of computer algebra,

we can prove that for each kK = 2,...,8 the h%k) are strictly increasing, and we believe

that this holds for all £ > 2.
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For each n =0,1,..., denote by B,(lk) the number of different labelings of A,(lk) by the
alphabet {0, 1}, by Bﬁlk)(O) the number of such labelings that have 0 at the root, and
by ri) = P (0) the ratio BW (0)/B,(Lk).

While k is fixed, we will suppress the exponents (k).

The labeling counts satisfy the recursions

Bo(0) = Bo(1) = 1, By = 2,19 = 1/2,
Bp11(0) = [Bn(o) + Bn(l)]k = BSaBn-i—l(l) = (Bn(o))k
We define B_;(0) = 1,B_1(1) = 0, so that B_; = 1. The labels at the nodes i on
the left edge respect the SFT restriction no 11. Let a;(0) denote the number of ways
to label the first ¢ levels of the strip of width n > 0 with 0 labeling node i, and define
a;(1) similarly. For n > 1 the A,,_; attached to node i+ 1 can be labeled in B,,_; ways
if node 7 + 1 has label 0, and in B,,_1(0) ways if node ¢ 4+ 1 has label 1. Therefore

a2 ] P el i

Thus for n > 0 the number a;(0) + a;(1) of i-blocks in 2% has the same asymptotic
growth rate as the entries of 7’th powers of the matrix

BiZl By
(3.3) |:Bn_1(0)k—1 0 |-

The latter is given by powers of the Perron-Frobenius eigenvalue \,,_1, which is the
maximum root of the characteristic equation

(3.1)

(3.4) fae1(X) = X* = BEZIN = [Bp1Bpo1(0)] 1,
namely
BEL 4 /B 4B, B (O
(3.5) A1 = 5 = BFle, 4,
with
(3.6) en = (14 /14 4r,(0)k=1)/2.
Thus ¢, = A\,/BE~! = ¢, (r) is the largest root of 22—z —rF~1 and satisfies c2 —c,, = rk=1.
We have
(3.7) hk) = logk#.

Note that all h%k) < log k because B,, < kR

Theorem 3.1. For each fired k = 2,3, ... the site specific strip approrimation entropies
hq(f) converge to the entropy h'®) of the golden mean SFT on the k-tree.

Proof. Since ¢, is bounded,

log BE~1
lim A% = lim 21 _ pypy 08 Znol g, 108G
(k B 1) 10g anl _ h(k)

kv —1

= lim
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O

We develop for golden mean tree shifts the analogue of Piantadosi’s [17] infinite
series formula for the entropy of the golden mean SFT on a free group. Then we use the
formula to prove that the entropy h*) of the golden mean SFT on the k-tree is strictly
increasing in k, for all £ > 2. (Piantadosi used his infinite series formula and rigorous
numerical estimates to prove the strict increase for a range of k.) Our infinite series
formula follows from two easy lemmas.

Lemma 3.2.

k 1 _ 1 1
(3.9) hlel = hif) + Entl log(1+rh_1)F " + fntl log(cn) — T log(cn—1).
Proof.
(3.10)
1 1 k-1
hpy1 = s log(An) = Ll log(B,,"cn)
k(k—1 _
= log[Bn(_1 )(1 + rﬁ_l)k Lenl
ko yk—1
— k(k=1) k (I4+rm_1)" cn
- En+l log[anl Cn—1 Cﬁ_l ]
1 k—1 1 koyk—1, L 1
= log(B, —jcn—1) + pEs] log(1+m,_1)" " + pEEs, log(cn) — e log(cn—1)
1 _ 1 1
= h) + o log(L+ )+ iy log(en) — 1 og(en-1)-
O
Note
1
hgk) =1 log(BEco)
1 1
(3.11) = log(281) + = log(co)
k—1 1
= log2 + z log(cp)
and
pE) L ek L 1
2 =Mt os og(1+rg) T2 og(cl)—% og(co)
k—1 1 1 1 1
(3.12) = log 2 + —log(co) + -5 log(1 + rEy=1 4 - log(e1) — - log(co)
k k k k k
k—1 1 _ 1
= log 2 + 2 log(1 + rE)F=1 4+ = log(ey).

Lemma 3.3.

n—1

k—1 1

(3.13) hk) = —log2 + > 7 log(1+ rE )L
=1

1
kn

log(cn-1).
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Proof. Assume the formula holds for n — 1. Then

n—2
k k-1 1 _

(3.14) h,”, = log2 + Z fEEs) log(1 47 )Pt 4 1 log(cp—2),

i=1
and

1 1 1
h%k) = hq(mk—)1 + W log(1+ 7y o)+ T log(cpn—1) — 1 log(cn—2)
(315) k n—1
-1 1 _ 1
= log2 + Z fEES) log(1+ 7 )F=1 ¢ ™ log(cn—1)-
i=1

O

Theorem 3.4. For all k > 2 the entropy of the golden mean SFT on the k-tree is given
by the following formula:

k

k—1 =1
(3.16) Rk = log2+ (k—1)) 7 log(1+ k).
=1

Examination of this infinite series formula provides useful upper and lower bounds
for h(k).

Lemma 3.5. For each k > 2, let

k—1 k—1 k—1
(3.17) L(k) = ’ log2 + Tz log(1 +rf) + = log(1 + )
and
k—1 k—1 1
(3.18) U(k) = ’ log2 + iz log(1+7§) + 72 log(1 +7%).
Then
(3.19) L(k) < k™ < U(k).

Proof. Formula (3.17) is immediate by truncation of the series. To prove Formula (3.18),
recall that rg = 1/2,71 = 1/(1+1/2%), and note that r; > r; for all i > 1 (see the proof
of Theorem 5.1). O

These formulas give us

1
TR
We also need the estimate U(k — 1) < L(k).

(3.20) U(k) — L(k) log(1 + r¥).

Lemma 3.6. For each k > 2,

k—1 E—1
(3.21) L(k) = ——log 2 + ——log[1 + (1 + r&)¥]
and
(3.22) U(k) = : log?—i—ﬁlog[l—i—(l—i—ro) ] —Elog(l—i-ro).
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Proof.
k—1 k-1 k-1
L(k)zik log 2 + 12 log(1+r§)+7k3 log(1 + r¥)
k—1 k—1 k—1 1
=——1log2+ log(1 +78) + == log[l + ———
‘ k—1 k—1 o k=1 14+ (1+rk)*
:TlogQ—i— 12 log(1 4+ rg) + 3 log| @+ ) ]
k-1 k—1
= log2 + 3 log[1 + (1 4 r§)*).
(3.24)
k—1 k—1 1
U(k) = : 10g2+710g(1+r’5)+ﬁlog(1+r]f)
kE—1 k—1 e 1 1+ (L4 rf)k
= log2+710g(1+r0)+ﬁlog [(1—1—7"5)"3
k—1 k—1 1 1
= log 2 + ?log(l —1—7”5) + ﬁlog([l +(1 —i-r]g)k] — ﬁlog(l + rg)k
k-1 1 V| i
= log2+ﬁlog[1+(1+r0)]—ﬁlog(l—i-ro).

O

Theorem 3.7. The entropy h'®) of the golden mean SFT on the k-tree is strictly in-
creasing in k.

Proof. The inequality is verified in Corollary 4.5 by direct computation for 2 < k < 5.
Recall that ro = 1/2. It is enough to show that for all k£ > 5 we have L(k) > U(k — 1),
i.e.

k—1 k—1 1
Z log2+ log[1 + (1 + —)F] >
k k3 2k
(3.25) B
F g 1 (14 (1+ ! 1 log(1 + ! )
k-1 08 T -1z 8 ok-1 (k—1)2 8" Toe-1/
Letting 2 = 1 + 1/2% and exponentiating, (3.25) is equivalent to
_ —133 142kt
(3.26) 2 (1 4+ 20)(5F) > Tkt
Tr—1

We claim that

— —1\3
(3.27) 2t ) > 1428 for k> 6,

from which (3.26) will follow, because then

_ _ B _ 1 k—1
(3.28) 2%(1 + xﬁ)(le)S > 2%‘*‘(%1)3 >14+ Ii:% > &
Lk—1

Note that the left side of (3.27) increases (to 4) in k, while 1 + x],zj decreases (to 2),
because, using the alternating series for log(1 + t),

k 1 k 1 k

(3.29) o) < 3
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so that xﬁ > xﬁﬁ follows from
k+1 1 11
equivalently
k
(3.31) k>1+ oF

which is true for k& > 2, because k/2" is decreasing in k and 2 > 1+ 2/2%.

Now (3.27) holds for k = 6, because then the left side is 2.6611... while the right
side is 2.16633. .., and therefore it holds for all £ > 6. ]

4. MONOTONICITY OF THE STRIP APPROXIMATION ENTROPIES

Now we turn to the study for fixed k of the strip approximation entropies hslk) for
the entropy of the golden mean k-tree shift (with labeling alphabet {0,1}). Numerical
calculations indicate that these approximations increase strictly with n. We can prove
this rigorously with the help of computer algebra for k = 2,...,8, and we believe that
it is so for all k > 2. The strict increase allows for another proof of Theorem 3.7, for
rigorous lower bounds for h(®) and efficient approximations to A*), in the range of k
for which strict increase is known to hold. Rigorous upper bounds are easy because the
limit in the definition of entropy is the infimum.

Theorem 4.1. Fork=1,2,...,8 andn=20,1,..., we have

(4.1) AF < A1,
and hence

k
(4.2) h® < )
Moreover
(4.3)

Remark 4.2. The analogue of the final statement (4.3) was conjectured for the golden
mean on free groups by Piantadosi [17] and proved already (in more generality, for k-
tree shifts determined by arbitrary irreducible one-dimensional shifts of finite type) by
the present authors in a previous paper [16].

For subshifts on the lattices Z%, this “asymptotic entropy” was known to be the
increasing limit in d and was proved in [12,14] to equal the “independence entropy”.

Proof. Fix k =2,3,.... Note that for n > 0

1
4.4 n = )
(4.4) T rk
so we define T' = T}, : [0,1] — [0, 1] by
1
(4.5) Te=——F, 0<z<L1l
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Then ¢p4+1(r) = ¢, (Tr). Define also

e=e(r)= ¢ [14 VIt ar],

(4.6)
v=uo(r) =147k

Note that
(4.7) A —c=rk1
Abbreviate 7, = 7, ¢, (r) = ¢(r), and use (Tr)*~! = ¢(Tr)? — ¢(Tr). The statements
(4.8) e(Tr) — (Tr)kLe(r)k > 0,
(4.9) ng(r) = — (1 + M1k +1) <0,
(4.10) A —[(e(e — )M=Y L k=1 (k4 1) <0,

E—1\ % k

1
(4.11) (W) <&
v v
are equivalent to one another. Moreover, when r = r,,,n > —1, each is equivalent to
(4.12) A< A
and implies
log Ant1 k logAn _ log Ani1 k

(4.13) log A, < Tn’ SO hglll = i knfl = hfwzz'

We can prove by hand in the cases k = 2,3 that ng(r) < 0 for all r € [0, 1], with
equality only at the one point where py(r) = r**1 +-7 —1 = 0. For k = 4,5,6,7,8, to
prove this we need the help of Sage and Mathematica. We believe that given time and
sufficient computer memory, (4.9) can be verified similarly for each individual k. So
far we have not been able to prove algebraically that (4.32) has at most one solution
r € [0, 1] (which would suffice to prove that the statement holds for all k—see below).

The calculation for each fixed k proceeds as follows. Expand ng(r) as a function of
r, using c(r) = (1 + V1 +4rk=1)/2. Group into By(r) all the terms that contain a
factor of V1 + 4rF=1 to write ng(r) = Ag(r) + Bi(r). We verify that Ag(r) and By(r)
have opposite signs on [0, 1], take By(r) to the right side of the formula, square both
sides and take the difference. Thus the left side of (4.9) is nonpositive if and only if
di(r) = Ar(r)? — Bi(r)? < 0. We define

B di(r)
pi(r)?

(4.14) i (r) =

and observe that gi(r) > 0 on [0, 1], concluding the argument. (In some of the cases a
constant is factored out, making no difference in the sign.)

Remark 4.3. Tt appears that qx(r) — 1+2r+3r2+--- =1/(1—7r)? as k — oo for each
re[0,1).

Figure 2 is a graph of ng(r), and Figure 3 is a graph of ¢5(r).
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FIGURE 2. Graph of the difference ng(r)

150 -

Out[« ]=

0.2 0.4 0.6 0.8 1.0

FIGURE 3. The nonnegative polynomial gx(r) remaining after dividing
out pi(r)? from di(r), k=5

The results for & = 2, 3,4 are as follows; the cases k = 5,6,7,8 are in the Appendix.
Maybe contemplation of these formulas can help to find a proof for all k.

2
1
712(7°):—1+T—L—T3+Tv1+4r—§r2\/1+4r

2

2
Aa(r S

(4.15) 2
Ba(r) = (r —r?/2)V/1 + 4r



ENTROPY ON REGULAR TREES 13

(4.16)

1
n3(r) = 5(—2 +3r2 — 6r° + 90t — 6r° — 7% — 3r® + 307/ 1 + 492 — 293/ 1 + 4r2+

3riy/1 +4r2 — 2050/1 + 4r2 — 10y/1 + 492 — Ts\/m)
Asz(r) = -2+ 3r2 — 613 + 9r* — 610 — 6 — 38
Bs(r) = V1+4r2 (3r% — 2% + 3% — 29 — 16 — )
d3(r) = 4 —12r% + 24r% — 36r* + 36r° — 721" + 60r® + 87 — 36710 + 72—
16r"% + 247" — 167"° — 4®
qg3(r)/4=1+4+2r+ ar3 4t 4 4r8 — 2pT — 10
=1+42r+4r° +r1(1 =% + 2752 - 1))

(4.17)
9rd 9r®
na(r) = —1+42r% — 772" +97’6—6r7——; +8r? — 3710 — 6!

12

e T A BT SV gr4¢m+
SrOV/ T 48 — 3714 47 — 2r8/ 11 4t

2r9\/1 + 473 — 37"11\/1—1-—47“3—

%rmm _ 7"15\/1_’_7473

9r 9r®
Ag(r)y = —1+2r% — % +9r0 —6r7 — % + 879 — 3r10 — 6!l —

12

% _3pld 9,15 _ 18
3 4
By(r) = /1 +4r3(2r3 — % + 570 — 31T~
3 8 12
; 429 _ 311 % — 1%)

dy(r) =1 —4r® + 9r* — 1875 + 278 — 161" — 48710 4 361 + 37712 — 48,13
30r' 4 68717 + 27710 — 48717 4 1871 4 48719+
18770 — 160" + 24r°% 4+ 12r%% + 201! + 610 4 15°° + 6r%% + 1%

qa(r) = 14 2r + 3% + 6r* + 14r° + 6r% + 150% + 2677 + 4010 + 18712 + 18713+
4rtt 4 9r16 4 617 4 6118 4 202 4 422 4 26

0

Remark 4.4. We have shown that for £ = 2,...,8 the h,(lk) increase strictly to a limit,
which is A%), the entropy of the golden mean k-tree shift. It is clear that A, < Api1,
but it is not clear that hgﬁ) =log \p—1/k" < hgﬂl =log A, /k"*1. The h%k) supply strict
lower bounds for h®) | and they increase to h(%) very quickly, providing efficient numerical
approximations. For k=2, we find h® =~ .509 > .481 ~ h(V). Tt is curious that here we
don’t know that even h(()k) < h¥) without seeing first that the h%k) increase with n and

that their limit is A®*). In [16] it is proved by linear algebra that, for £ = 2 and a tree
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n By Bn 1 (0) Tn—1 (O) log anl/(2n — 1) log Bn71/2n h7(12)

1 2 1 D .693 .347 .5025

2 5 4 .8 .036 402 5078

3 41 25 .6098 531 465 .50866
4 2306 1681 729 .516 484 .50885
5 8,143,397 5,317,636 .653 013 497 .508889

TABLE 1. Strip entropy estimation for k = 2

shift with adjacency restrictions given by an irreducible d x d matrix, h((f) =hM < p@),

But the linear algebra proof does not give the strict inequality h() < h(2),

Monotonicity in n of the h%k), along with knowledge that the limit in the defintion is

the infimum (Theorem 2.1), allows to show explicitly by rigorous numerical calculation
that h(®) increases with k, for the values of k where the monotonicity is known to hold,
providing another proof of Theorem 3.7 for these cases.

Corollary 4.5. The entropy of the hard square tree shift on the k-tree can increase with
the dimension k of the tree (in contrast with what is known about the hard square SE'T
on the lattice ZF [9,12]). In particular, we have

loe B®
D~ 481 < B® ~ 509 < 536 < h®) < 58~ 822
1+ 3+ 32
< 561 < I < 567 ~ ﬂ
(4.18) ' T 144442
log B
(5) 0859
< 58 < h® < 5839 e

< 5952 < b0 <

Proof. Given k, by Theorem 2.1 we can approximate h(¥) from above by log B / |A |
for any m, and for k = 2,...,8 we can approximate h(**1) from below by h; U for any
n, so checking numerlcally that log B /]A(k | < h(kH) (n = 4 suffices for the above
statements) shows rigorously that ) < B+ for that k. (Il

We discuss now a plan to extend Theorem 4.1 to all k¥ > 2. It suffices to show that for
each fixed k > 2 equality in any of (4.8)—(4.11) can hold for at most one r € [0, 1], which
is irrational (and in fact is the solution of T'r = r), and so in particular the inequality
holds for all the r,_1,n = 1,2,..., which are rational.

Note that as r increases from 0 to 1, ¢(r) increases from 1 to the golden mean ~y, T'r
decreases from 1 to 1/2, and so ¢(T'r) decreases from v to ¢(1/2) = (1 + /1 + 8/2%)/2,
while 1 + 1/¢(r)* decreases from 2 to 1+ 1/4"..

When 7 =0, ¢(Tr) = v > 1 = ¢(r)¥, so (4.8) holds.

When r = 1, we need to show

k
(4.19) 14+ V1+27k8 >4 (%)
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20 /

0.2 0.4 0.6 0.8 1.0

FIGURE 4. Graph of the two terms in (4.32) of Prop. 4.6 and their
difference, k = 5

Taking the 1 from the left side to the right, squaring both sides, and simplifying leaves

’Y2k k
(4.20) <
Equivalently (since 2 =~ + 1),
k k
v+1 v+ 1
4.21 <
(1.21) () <2
which is easily proved by induction on £ =1,2,...:
1\ ! ki1 1 k1
(4.22) (7;) < (7 2+ ) <7; > , which is < %
because
AR L AR 4y 41 < 294 4 2 if and only if
k+1 k .
AT — 4% — 4+ 1> 0, equivalently
(4.23)

Yy =1)=y+1>0, or
vk—1>0,

which is true. Thus the desired inequality holds at the extremes r = 0, 1.

We want to show that there is at most one value of r € [0,1] for which equality
can hold in (4.8). Given this and the continuity of the functions being compared, the
inequality 4.8 holds on all of [0, 1] except at the point where Tr = r, where it is an
equality.

We have proved (4.9) above by explicit algebraic calculation in the cases k = 2,3, ..., 8,
from which it emerges that its left side ng(r) is divisible by p(r)?, where

(4.24) pr(r) = PR e 1,

It is difficult to make an estimate to prove any of these inequalities. For example, the
graph of the left side ng(r) of inequality (4.9) touches the r axis with a high degree of
tangency, not allowing one to squeeze a simpler expression in between. Figure 4 shows
the two terms in (4.32) of Prop. 4.6 and their difference for k = 5.
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If one can obtain a workable expression for ny(r)/pr(r)?, however, one could seek to
prove, for example,

(4.25) for r € [1,7],

thus proving (4.9).
We believe that the irrationality of the single solution will follow from Gauss’ Lemma.

The following observations may be helpful in completing the proof of strict increase
of hﬁf“) for each k.

Proposition 4.6. The following are equivalent:

(4.26) Tr=r,
(4.27) rF e —1=0,
(4.28) cr =1,
(4.29) H—ch—1=0.
Moreover, each of (4.26)—(4.29) implies
(4.30) X = Angi,
(4.31) o(Tr) — (Tr)*te(r)F =0,
(4.32) A1+ rME(E 1) =0,
(4.33) A —[(e(e — )M=Y L k=1 (k4 1) =0,
k=1\F ok
(4.34) (W> ot
v v

Proof. That (4.26) is equivalent to (4.27) is clear.

(4.26) implies (4.28) because T'r = r implies

L S S R
(4.35) BT, =r =c g
so that
1 1 1 1
— 2 (Y= (p— = ) —

(4.36) 0=~ 5 (e~ 1) = (e~ Dle+ 1)~ 1]

which implies that ¢ = 1/r.
(4.28) implies (4.26) because if ¢ = 1/r we have
(4.37) Pl 2oL 2

so that Tr=r.
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To see that (4.28) implies (4.29), note that we already know that (4.27) is equivalent
to (4.28), so that ¢r = 1 implies

1 1

k+1 k _ _
(4.38) R

—1= rkH(l —r— rkH) =0.

Finally, (4.29) implies (4.28) because
(4.39) 0=ctt—ck—1= ck_l(c2 —c)—1= Fpk—l
implies cr = 1.

Turning now to the second part of the Proposition, if Tr = r then (4.31) says ¢(r) =
r*=Lc(r)¥, which is true because cr = 1.

We finish the argument by showing that (4.30)—(4.34) are equivalent to one another.
Note that A¥ = X\, if and only if

(4‘40) fnJrl()‘qli) = >‘sz - Bl’;;%)\ﬁ - [BnJranJrl(O)]k_l = Oa
equivalently, since ¢, = \,/BE~1,

Sa1i(XE) o

(4.41) = 2
B2HGE=1)

—cp(L+ ) - (1) =0,
This shows that (4.30) is equivalent to (4.32).

Further, )\ﬁ = An+1 says that

(4'42) B]nf(k_l)cz = Bs—_l—%cn—i-l = [Bﬁ(l + TZ)]k_lcn—O—la
equivalently
(4.43) =1+l

This shows that (4.30) is equivalent to (4.31).

That (4.32) is equivalent to each of (4.33) and (4.34) is direct from ¢ —c = r*=1. O

5. MAP OF THE SIMPLEX

Consider a k-tree SFT Z); with £ > 2, alphabet size d = 2, and transition matrix
M = [11,10], so that Zjs consists of all labelings of the k-tree with no adjacent nodes
both labeled by 1. Consider first the case k = 2. In this case T : K1 — K is a
function of a single variable: T(z,1 — x) = (1,22)/(1 + 2%). The equations Tx = z
reduce to 2% + 2 — 1 = 0, with root © = 0.682328. The derivative at the fixed point is
T'(u) = —0.635345. The fixed point is attracting: 7"z — wu for all z € [0, 1].

In the case of the k-tree, k > 2, T}, : K1 — K (again identifying K; with [0, 1]
according to (x,1 — x) ¢ x) is the function Tz = 1/(1 + 2*). We may consider this
function for all £ > 0, not necessarily an integer. When k is fixed, we will suppress the
subscript on Tj. Again there is a fixed point ux = u € [0, 1], which is unique because
T is decreasing. For small k we have |T'(u)| < 1, so the fixed point is attracting. But
there is a critical value kg ~ 4.125, the solution of

(5.1) ko = 1+ kgo/ oY,
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1.0

0.8
0.6
0.4

0.2

0.2 0.4 0.6 0.8 1.0

FIGURE 5. The interval map and its square for k =7

at which 7"(u) = 1. We claim that for k > ko besides the fixed point u there is also
an attracting periodic orbit {pi,p2}, and there are no other periodic points. Figure 5
shows the graphs of T, T2, and the identity function for k = 7.

Theorem 5.1. (i) For k < ko the map T = Ty, on K1 has a fized point u = uy which
attracts all of [0,1], and there are no other periodic orbits.

(ii) For k > ko the map T = Ty, on Kj has a repelling fized point u = uy, an attracting
periodic orbit {p1,p2} which attracts all of [0,1] \ {u}, and no other periodic orbits.

Proof. Since T is decreasing and T? is increasing, we have 0 — T0 =1 — T1 =1/2 —
..., s0 that 7?0 7 p; and 7?70 \ pa, with p; < u < ps.

MOI‘QOVGI‘, T[O,Pl} = [p27 1]5 and T[p2) ]-] = [1/2,171] Slmllarl}/? T[pluu] = [UaPQ]yT[U,Pﬂ =
[Pl, u]

Computer assisted computation shows that if k¥ < kg then
(5.2) |DT?(z)] < ¢ <1 for all 2 € [0,1].

Thus for k < ko, p1 = u = py and all of [0,1] is attracted to the unique fixed point u.

We show now that on the other hand, for k > kg the periodic cycle {p1,p2} attracts
all of [0,1]. First, [0,p1] U [p2,1] is attracted to {pi,p2}, because of the observations
above.

Note further that if & > ko, then at the fixed point u of Tz = 1/(1 4+ 2*) we have
|T'(u)| > 1. Because consider the function g(k) = k¥/(*+1) 41 for & > 0. We have
g(0) = 2,9(ko) = ko, ¢’ (k) <0 for small k, ¢’(k) =0 when logk =k +1 (k = k1 ~0.3),
g (k) > 0 for k > ky. Thus g(k) > k for small k, there is a unique solution ko ~ 4.125
of g(k) =k, and g(5) ~ 4.82362 < 5, so g(k) < k for k > kg. See Figure 6.
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FIGURE 6. The function g(k)

This implies that for k& > ko we have |T}(u)| > 1. Because for k > ko we have

L4 kD <k 1> ke, (k- D)FFL S ER

—q)k+1 1 1 1 — 1\t

1
(5.3) Ek+1 k’ k k k
1 k=1
e

which is to say that

k—1 k—1
A4 T
(5.4 () <5
so that (k —1)/k > u,k — ku > 1 for k > ko. But
—kut! k+1

since u*t1 = 1 — u. Therefore
(5.6) T} (u)] = ku**t =k — ku > 1.

Since |T"(u)| > 1, there are §,e > 0 such that |[Tx—u| > (1+0)|z—u| for |z —u| <e. If

19

we take a point z > u close to u, we have Tx < u, T?z > u. We must have u < z < T?z,

because otherwise u < T2z < z and
(5.7) T%z —u| > (14 0)|Tx —u| > (14 62|z —u| > |z — ul,

a contradiction. Thus 72 moves points near u away from wu, towards either p; or po,

depending on whether = € (p1,u) or x € (u,p2).

We show now that the 2-cycle {p1,p2} attracts all of [0,1] \ {u}. This will follow if

we can show that (for k > ko) T2 has a unique inflection point. Because from above,
we have that for p; < 2 < u and x near u, p; < T%r < x < u. Since T? is increasing,

even though maybe no longer is T2z ~ u, we may iterate to find
(5.8) p<Tiz < T’z <x<u,
so that 72" decreases to a fixed point p > p; of T2.
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But if 72 has a unique inflection point in [0, 1], we must have p = p;. This is because
then the graph of T hits the line y = z at least at p1,p, u, Tp, p2, and so must change
concavity at least twice. This shows that all of (p1,u) is attracted to p; under 72, and
therefore all of [0,1] \ {u} is attracted to {p1, p2} under T.

We show now that 72 has a unique inflection point in [0, 1]. With the help of Sage,
we find that

k k
+1)
5.9 2 @AD"
(5:9) (14 (zF+ 1))k
(5‘10) (T2)/ — 2(xkgfi-1)k71
(2F + 12 (ke + 12
(5.11)
k k 1 k-2
(T%)" = (kz((z’il))k — kb - ((fckil)))k MGES kot - @R+ 1)k2(w€T)k
(% + 12 + 17 |
Let y = z* and
(5.12) nl(z, k) = (T%)"((2" + 1)*((1/ (" + 1)* +1)%),
k 1
1 9 _ 2T Nk_j2 k_ x k Y S |
(5:18) n2(ar k) = K( 5 ) () e
(5.14) n3(x, k) = n2(x, k) (z® + 1)*,

(5.15) nd(x, k) = kak(l—(azk—f—l)k)—xk—i—k—l—(k—xk)(xk—i—l)k—1—(33k—|—1)k, and

(5.16) (k) =Kyl -+ D) —y+k+(k-yy+ 1" -1+,
all of which have the same sign as (72)" on [0, 1].

Now j(y, k) is a polynomial in y of degree k + 1. The constant term and coefficient
of y are positive, and for j > 1 the coefficient of 37 is

(5.17) (k—1)<];> —(k2+1)<jf1>,

which is negative for £ > 2. So the second derivative of j(y, k) is negative, its first
derivative starts positive at 0 and later is negative so that j has a unique zero on the
positive axis. Since (T2)” has the same sign as j, 7 has a unique inflection point.
Therefore, from above, for & > ko T has a unique fixed point and an attracting cycle of
period 2 which attracts everything else, and there are no other periodic points. ]

6. INTERMEDIATE ENTROPY

For a tree labeled by elements of a finite alphabet A = {0, 1,...,d—1}, one can count
numbers of possible labelings not just for the fundamental height n subtrees but for any
finite patterns. Focusing in this section on the binary regular tree, we are interested in
particular patterns which consist of a translate of A, and an ‘initial’ segment of the next
row (the final row of the corresponding translate of A, 1. Let us label the nodes 7 left
to right in each row, continuing downward from row to row: so € <» 1(1),0 <> 7(2),1 <>
7(3),00 <> n(4),01 + n(5),10 +> n(6),11 <> n(7),000 <> n(8),.... (Recall that nodes of
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the tree correspond to words in {0, 1}*—see Section 1.1). Define ¢(n) to be the number
of labelings of n(1)n(2)...n(n) in the tree shift. (For a single labeled tree, we define
¢(n) to be the number of labelings found among all translates of n(1)n(2)...n(n).) For
n=0,1,... let ¢, = |A,| = 2" — 1. Thus

(6.1) q(cn) =p(n) foralln=0,1,....

We ask whether the intermediate entropy h* = lim, s logq(n)/n exists (and hence
equals the entropy h = lim,_,~ log q(cy,)/c, of the tree shift or labeled tree). For now

let us define the upper and lower intermediate entropies of a tree shift or labeled tree
to be

1 1
(6.2) h* = limsup og 4(n) and h! = lim inf M.

n—o0 n n—00 n

Proposition 6.1. The upper intermediate entropy of a 2-tree shift or labeled 2-tree
cannot exceed its entropy: h* < h.

Proof. Fix n and j = 0,...,2""! and consider the pattern A, (j) that consists of A,
together with an initial segment of length j of the next row in A,1;. We wish to
estimate from above the number of possible labelings of A,,(j) that can be found in the
tree shift. Consider first the case when j = 2™, i.e. we use half of the next row; see
Figure 7.

Fi1GURE 7. Including half of the next row.

A, (2") consists of the root, a translate of A, (the blue nodes in Figure 7), and a
translate of A,,_; (the green nodes in Figure 7). There are d choices for labels of the
root, q(cy) choices for labelings of A,,, and ¢(c,—1) choices for labelings of A,,_1, so
(6.3) q(en +2") < dg(cn)q(cn-1).

Since ¢, + 1 = ¢ + 2" — 1,

1 n
(6.4) lim 1089(e) _
n—o00 Cn,
and
(6.5) log q(¢pn, + 2™) < log d cn logq(cn) N cn_1 log q(cn,l)7
cp + 2™ cn+2"% ¢+ 27 Cn, cp + 2™ Cn—1
we have

1 n + 27
(6.6) lim sup logg(en +2%) < h.

n—00 cn + 27 B
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Let € > 0, choose r so that 1/2" < ¢, and suppose that n >> r.. We divide the
2"*1 nodes on the last row of A, ;1 into 2" consecutive intervals, each of length 2,
where m = n —r + 1. Suppose first that j = k2™ for some k = 0,...,2" — 1. Write
k= ko+ k12 + - + k27! with each j; = 0 or 1 and let ig = inf{i : k; # 0}. We
proceed to decompose A, (j) as a subset of the disjoint union of the root and at most
n other nodes, a translate of A;,(2%), and translates of A;,, Ajg41,---,A,. Note that
|Ay (20)] 4+ Aig |+ |Aigt 1|+ - - +]Ay| is within n of |A,(5)|. Figure 8 shows an example
withn=3,r=3,j=10,r=3,m=1,k=5=14+0-2+1-22 4y = 0. Here the green
nodes form a translate of A;,(2%) (a subset of a translate of Ag), the red nodes form
a translate of A;,, the blue nodes form a translate of A,,, and the black nodes are the
“free” ones.

F1GURE 8. Using 5/8 of the next row.

This decomposition yields the estimate

n—1

(6.7) q(en +§) < d"qlcig)a(cig—1) [ aler)-

t=ig

This implies that with r fixed, once n is large enough that

1
(6.8) M<h+e for most ¢t = ig,...,n — 1,
Ct
we will have for all j = k2™ for some £k =0,...,2" — 1,
1 n+
(6.9) logalen +7) _ ) 1 o
Cn+)

Continuing with r fixed, we consider now values of j which are not multiples of 2.
For any such j = 1,...,2"" — 1, let j' = inf{k2™ > j}. Then

log q(cn {rj) < log q(cn J_rj’) Cn +j" <htol +J +_2m
CntJ cntj et cntJ
(6.10) om
=(h+e)(l+—)<h+3e
Cn
for large enough n. O

Corollary 6.2. Let Z = Z(X) be the 2-tree shift corresponding to a 1-dimensional shift
of finite type X. Then the intermediate topological entropy of Z(X) equals its topological
entropy: h'(Z(X)) > h(Z(X)) > h*(Z(X)) > h(X). More generally, if Z is a tree SFT
(determined by excluding a finite set of blocks), then its intermediate topological entropy
equals its topological entropy: h'(Z) = h(Z).



ENTROPY ON REGULAR TREES 23

Proof. In a tree shift corresponding to a one-step one-dimensional shift of finite type,
labelings of disjoint translates of basic patterns A, are independent given the configu-
rations above them, so the key inequalities in the above proof are actually equalities.
For systems with more memory (still bounded), consider the appropriate higher block
coding.

For the general case of a tree SFT, labelings of sets of nodes in distinct branches of
the tree are again independent, given a fixed allowed configuration above both of them:
pairing two such allowed labelings produces an allowed labeling of their union. O

7. LARGER ALPHABETS AND MORE GENERAL LABELING RESTRICTIONS

Let M be an irreducible d x d {0,1} matrix and Zy; the k-tree shift consisting of
all k-trees labeled by elements of the alphabet A = {0,...,d — 1} consistently with the
transitions allowed by M, as in Section 1.1. We describe briefly the setup for applying
the strip method to this general situation to study the topological entropy h(Zs) of
the system Zj;.

For each n = 0,1,... let z(n) = (x0(n),...,z4-1(n)) denote the vector of symbol
counts in which z;(n) is the number of labeled translates of A, (n-blocks) with the
symbol i at the root. Let |x(n)| = zo(n) + -+ + z4-1(n) As before, denoting by M; the
i’th row of M, we have the recursion

(7.1) zi(n+1) = (Mz(n))f = [M; - z(n)]*, i=0,...,d—1.
Define
(7.2) gr(x) =) (Ma)]

and the map T}, : R? — R? by
(Ma)f _ (Ma)y

(7.3) (Tyx); =

and as before

r(n) = )’ so that
r(n+1) =Tyr(n).

(7.4)

For the 1-dimensional golden mean SFT, the map T on K1 = {(z,y) : « > 0,y >
0,z +y=1}is T(z,y) = (z + y)%,2%)/((x + y)? + 2?). The equations T'(z,y) = (z,y)
define an algebraic curve, part of which is shown in Figure 9 along with the simplex
z+y=1.

Remark 7.1. When estimating the entropy h®¥) of Zj; numerically, iteration of the
mapping T} combined with a recursion on log |z(n)| can reduce the size of the numbers
involved and give us more accurate estimates more quickly. Since

zi(n+1) = |z(n)|*(Mr(n))ki=0,...,d -1,
ja(n+ )] = |2 (n)|*gr(r(n),
we may form the Tyr(n) by iterating 7}, and use them in the recursion

(7.6) log |z(n + 1)| = klog|z(n)| + log gi(r(n))

(7.5)
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FIGURE 9. The graph of the fixed point equations for the golden mean

to form rapidly improving approximations to
: log [z(n)|
(7.7) Ly R T

The factors gi(r(n)) are bounded, but they have a cumulative effect on the growth of
|z(n)| that may be sufficient to affect the ultimate value of h.

Let C(—1) = M and for each n > 0 define a d x d matrix C'(n) by
Denote by A, the maximal eigenvalue of C'(n) and define ¢, by
(7.9) An = |z(n)[F e,
The entropy of the one-dimensional n’th strip approximation subshift to Z,; is
log A\ji—1
T
Theorem 7.2. With notation as above, the entropy of the k-tree shift corresponding to
an irreducible d x d 0,1 matriz M is given by the following infinite series formula:

k—1

(7.10) Ak =

(7.11) B9 (Z) =~ Llogd+ (k—1) Y ﬁ log gi(r(i — 1)).
i=1

Proof. We compute that

1
log ¢, — T logcp—1,

k k—1
(7.12) Py = W)+ T log gi(r(n — 1) + oy

k—1 1
(7.13) hgk) =7 logd + Z log(co),
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k k—1 k—1 1
(7.14) hg ) = . logd + 7loggk(r(0)) + ﬁlog c1,

and then by induction that

k—1

n—2
1 1
(k) — — _— - -
(7.15) hy = ? logd+ (k—1) ZEI =S, log gr(r(i —1)) + o log ¢p—1.

We showed before that for the golden mean SFT on the k-tree, the site specific
entropies hglk) increase with the strip width to the tree shift entropy h®*) (at least for
k = 2,...,8), and that h%) is strictly increasing in k, with limit log2, in contrast
with the situation for the golden mean SFT’s on integer lattices. The same statement
for the more general tree shifts considered in this section can be approached by the
same techniques, although the formulas and computations will naturally be much more
complex. Extensions to pressure and equilibrium states, including measures of maximal
entropy, and subshifts on other trees and graphs, are also attractive topics for further
research.

Acknowledgment. We thank Professors Tim Austin, Henk Bruin, Kevin McGoff, Tom
Meyerovitch, Anthony Quas, and Ville Salo for helpful discussions on these topics.

8. APPENDIX

Here are the algebraic calculations to show that h%k) is strictly increasing with n for

the tree dimensions k = 5,6,7,8. See Section 4 for the definitions.
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(8.1)
5 4
ns(r) =—1+ % — 610 4+ 1578 — 1017 — 9710 4 25012 — 10713 — 1571 —
25 16 20
6! + = — — 1575 — 10r? — T —10r%—
5 24 5 28 5
TT - TT + oV 4t =2t ari

1078/ 1 + 4rt — 6r9/1 + 4rt — 3710

V14 4rt + 1021 + 4rt — 2083/ 1 + 4rt — 9r™ /1 + 4t —
5
2r194/1 + 4r + 57“16\/ 1+ 4r% — 3r'8/1 + 4r% — 6r19v/1 + 4r4—

%720\/1 +drt — 201 4 4t — 27-24\/1 + 4rt — %728\/1 + 4rt

5 4
As(r) = -1+ % — 6r° + 1508 — 1007 — 9710 4 25712 — 10718 — 15714
25716 720 5r24 528

B 18 19 T 23 9T O
15r 10r 5 10r 5 5

5
Bs(r) = §r4 14 4r4 — 2,5/ 1 + 474 + 108/ 1 + 474 — 679/ 1 + 4rd—
3r10\/1 + 474 + 1072/ 1 + 474 — 2713/ 1 + 494 — 9r4\/1 + 494 —

5
2r15\ /1 + 4rt + 57‘16 1+ 4rt — 3r8/1 + 4rt — 6r19v/1 + 4rt—

%’FQO\/ 14 4rt — 272 /1 4 49t — gr%\/ 14 4rt — %r%\/ 14 4rt

ds(r) =1 —5r* +127° — 30r% + 50r'° — 507" — 1007 4 80r'* + 108r'® — 25710
20017 — 70718 + 240119 4 137r%° — 100721 — 300r%2 + 140123 + 345124 4 100r2° —
150726 — 200127 4 320128 + 300722 + 22130 — 10013t — 50732 + 300733 4 170134 — 44735 —
25736 4+ 170738 + 60r3Y — 68110 + 60r13 + 10r1 — 5611 + 1071 — 28750 — 87-5° — 60

g5(r) =14+ 2r + 3r2 + 4r3 + 8r° + 1875 + 30r7 + 147% + 28710 4 720 4
85712 + 20713 4+ 56015 + 143116 + 110717 + 15718 4+ 6820+
14872 + 74722 4 21 4 48 4 82120 4 20127 — 13128 4 16130 4 28731 —
10r%2 — 20133 4+ 7736 — 10737 — 1538 — 2742 — 643 — 48
=142r+3r2 + 473 +8r° +13r5(1 — r?2) + 570 + 1077 (1 — %) + 20r"+
20r10(1 — r2%) + 810 10/ (1 — #%6) 4 620 + 15712(1 — #%6) 4 TOr12 4
2r13(1 — r29) + 18713 + 611 (1 — #28) 4+ 5015 + 716(1 — #3%) 4+ 142,16 - 110017+
15718 4+ 68720 4 14812 4+ 74122 + 2923 4 48725 + 82120 1 20027+
1478 4 16739 + 28731 4- 7730

6r1° +
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157 N 45710
2 2
45716 105720

; _30p17 — 15.18 4 Tr

21 22 23 15724 25 27 28
5ret — 45r<° — 30r —T—i—lSr — 10r“" — 45r=°—

— 157t — 15712 4 55717

ne(r) = —1 4 3r° —

15129 — o 10733 — a5t 3r35—

2
9r40 5
539 — —g =130V a5 — 2OV 4

?rwm —10r" /1 + 45 — 5r12/1 4 475+
2871%1/1 + 4r5 — %7"16 14 4r5 — 2071 7\/1 + 475 — 5718y/1 + 475+
%ﬂwm —15r22\/1 + 475 — 20r%3/1 4 4r5—
Dr LT Ar 4 3711 45 — 15714 drs -
(8.2) 10729/ T4 475 — Lr /14 a7 — 214 s

3
2r%°\/1 4 4r% — 57«40\/ 1+ 475

1500 45710
+

2 2
15 24
_5p2l 4522 30,23 _ ;" 1+ 1825 — 10727~

45716

Ag(r) = —1+3r° — — 1571 — 15712 4 55015 — —30r17—

10572
2

15718 +

30 457.34

4507 — 1502 — - — 10r% g g

.

Be(r) = 3r°/1 + 15 — grﬁ 14+ %m 0P Tt A
5012\ /1 4 475 + 28r15\/1 + 41 — gm 20717 /1 + dro—
SISV 47 + 20T 475 — 15722 /14 75 — 20r/T + -
Dr T arS 4 37/ 4 — 157714 75 — 10r2°V/T + dro—

%r30\/1 + 475 — ?F"* 1+ 4r5 — 2r3°/1 + 475 — grm\/l + 475
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(8.3)

de(r) =1 — 6r° + 15r% — 45719 4 80712 — 110715 — 180716 + 150117 + 230718 —
10572 — 54072 — 135722 + 60072 4 415r%* — 36r%° — 525r2° — 1030127+
540r% + frm[o]——200r2° 4 501730 — 180731 — 1050732 —
880133 + 162013* 4 1494735 4 41515 — 360737 — 1050138 —
14073 + 2205710 4 12301 + 255112 — 360113 — 525r4 + 390145 + 1845140+
660717 + 180718 — 180719 — 105750 4 410r°1 + 990752 + 210753 4 215174 —
36r5° + 220r°7 + 315r°8 + 30r°Y + 252750 4 70753 4 4575% 4+ 21079 + 10799+
12017 + 4577 4+ 1013 + %

g6(r) =1+ 2r +3r% + 4r° + 5r* + 10r° 4 22r" 4 36r® 4 52" + 25710 + 45012 4+ 11012+
198714 4+ 202,15 + 55110 4+ 120718 + 330710 4 555120 + 394721 4 70122 4 210124+
62417 + 888120 + 462127 4 5612 + 25030 + 740131 4 88832 + 354733 4 331314
200r° + 540737 4+ 60013 + 1923 + 33710 + 100742 4 240r*3 + 28574 + 10075+
56110 + 25¢%% 1+ 70r* 4+ 90r°0 + 7075t + 70r°2 4+ 1495° 4+ 18r°° 4 4257 4 56178+
3182 4+ 14793 4 28764 4 2969 4 870 4 76

7 6 63 12 45 14

nﬂr):<—1+~€%<—9r7+~—g———21ﬂ3———%%7
2 18 1 20

0? —4%”—4%§7—%ﬂﬁ+mw%—

105732

25 26 27 45r2° 30 33
21r<° — 1057“° — 70r —T+98r — — 1407r°°—

105734 ) 49736 . 42
05r g5 1 BT 030 105,10 gt T
2 2 2
10571 — 42947 —7r48 — 21753 — 7p5 777"60
2 2 2
7 49
STV 40 = 3TV 4t V1
15 119
(8.4) 15718/ 14 400 — 1 ar8 4 2t

VI 478 1879/ 11 478 — 22020 /T8 102/ 11 451
63r243/1 + 476 — 3r25\/1 + 4r6 — 45r26/1 + 46 — 50r27\/1 + 46—
gm 28090 \/1 1 476 — g N

60r3 /T4 478 — Ty /1146 — 314 455 4 /1y S
10/%93/T+ 470 — 457403/ 4 40 — 151/ 11 47 — 24 /1 4 aro-
ST A — 18TV 4 470 — 2814 s

2

1
3rP% /1 4rS — 39/ 4 4r6 — Sr% /14 arS
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Az(r) = -1+ 7;6 — 97+ 6327"12 — 2113 — 45;"14 - 20?;r18—
42r"? 10527"20 —30r" 4+ 147r** — 2177 — 105,°° — 70r*7—
(8.5) 45;28 + 98730 — 1052732 — 14075 — 10527“34 — 9y
49;36 — 707 — 105710 — 21741 — Tj - 1052T46 -
42747 — 77"248 — 2179 — 7% — 7260

Br(r) = 11O/ 1 47 — 307V 1 147 + Tty 1 4 476 -

1582/ T4 476 — /T a0 4 1215/ 4

187103/ T4 48 — D0 /T 545 — 1072 /14 41 4+ 6307 /1 4 475

3r2\/1 + 4r6 — 45770/ 1 + 476 — 50r27\/1 + 416 — 1557'28 1+ 4r64
(8.6) 28r%01/1 4 4r6 — 1—25r32 1+ 4r6 — 60r°3\/1 + 476 — §r34\/1+74r6—

39/ 47 4+ L%/ 40 — 10°%9/1 1 47 — 4500/ 4 475 -

15043/ T4 48 — 242/ 1 4 416 — 20/ 4 4y

1847V/T 4 476 — 2ri8/14 455 — 353/ 4 4ro -

3T 48 — 9014 4

(8.7)
dr(r) =1—7r% + 187" — 637" + 117r"* — 203r'® — 294719 4 25270 4 420r2! — 2947°*—

1176r2° — 231725 + 1260727 + 975128 — 19673 — 176473 — 2688132 + 1540133+
32553 + 1578r3° — 4973 — 1176737 — 441013 — 2660139 + 5775¢40 4 5460141 4
1845712 — 294713 — 294011 — 588071 4 315116 4 10626717 + 6461718 4 1566119 —
73510 — 3920r°1 — 4410752 + 4284753 + 12873r°* 4 55861r°% 4 909r°¢ — 98057 —
2940758 — 176475 + 6265r%° + 11172751 4 3570752 4 200153 — 73504 —

1176755 — 29479 + 5586r°7 + 7140r%® + 168075 — 37877 — 29477 — 196172+
35707 ™ + 3360r™ 4+ 56717 — 774777 — 49r™ + 1680r%! 4 113452 + 126153 — 922,844
567r%8 + 252759 4 14790 — 792791 4 12619 + 28796 — 49519 4 147102 — 2904105 —

66112 — 19,4119 _ 126
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(8.8)
qr(r) = 1+2r + 3r% + 4r® + 5r* 4+ 6r° + 1207 + 26r% + 4207 + 60r'0 + 80r'! + 39717+
661 + 15615 + 27316 + 42017 + 397,18 + 116110 + 2201 + 5721224
109272 + 15260 + 10361%° + 209720 + 495128 4- 14302 + 2807730 + 330431 +
1708732 4 252133 4+ 792r3% 4 2525136 4 4732137 4 471138 + 1932130 4 210740+
92212 4+ 313473 + 537704 4 47241 + 1537r1¢ 4 114747 4 780110 4 2669170+
427015t 4 342252 4+ 820753 + 6% + 465r°° + 1510r°7 + 2471758 4+ 173617+
193799 — 106751 + 18093 4 555154 + 1064r%5 + 532750 — 154757 — 208758+
36770 + 138771 + 329772 + 2877 — 23877 — 25217 4+ 23178 + 7077 — 56150 —
168781 — 210152 4 10r% — 24787 — 72788 — 120789 — 3994 — 1879 — 45,9 —
2’/“102 o 107“103 o ’I“HO
=14 2r +3r2 +4r° + 57* + 6r° + 12r7 + 26r® + 42r° + 60r'° + 80r'! + 39r'% + 6614+
15475 (1 — r°2) + 2r'5 + 208716 (1 — 75%) 4 65116 4+ 238717 (1 — 757) 4- 182717+
252r18(1 — 7°7) 4+ 145718 4+ 56012 (1 — 1) + 60r'? + 168721 (1 — 70) + 52021+
210722 (1 — 790) 4- 362122 + 2473 (1 — %) 410687 + 7224 (1 — 75%) 4 1454724+
12012 (1 — %) 4+ 916r2° + 3r26(1 — %) 4+ 206120 + 1872 (1 — 157) 4 47712+
4502 (1 — 757) 4138572 + 2r39(1 — ™) + 2805130 + 10731 (1 — 772) 4 3294731 +-
r32(1 — r78) 4170772 + 106733 (1 — r28) + 146133+
792r3° 4 2525r% 1 4732137 4+ 4711938 193239 + 210710+
922r1% 4+ 313473 + 53770 4 47240 + 1537r1¢ 4 114747 4 780140 4 2669170+
427075t 4 342252 4+ 820753 + 6% + 465r°° + 1510r°7 + 2471758 4+ 173617+
193190 4+ 180793 + 55570 + 10647% + 532756 4 36170 4 1387 + 320772 4 28773+
231" 4 70r™ 4 1015°



ENTROPY ON REGULAR TREES

2178 6371
ng(r) =—1+ 477 — TT + 427 — 28715 — % + 16872 — 70r%2—
105724 105r%
8472 72’” + 320728 — 5612 — 210r% — 140731 — TTJF

63 40
336r°° — 7r%0 — 168r" — 350r%° — 140r%7 — —; +168r"% — 2171

21 48
28017 — 350r"% — 84717 — 432019 — 3507 — 280078 — 210071

56

287%° — % — 35r00 — 168701 — 70752 — 4453 — 21798 — 56,5 — 10r70—

7
7r76 — 8T — ¥ 4 4 TN/1 + 4rT — 57"8\/ 1+ 4r7 + 34r14/1 + 4r7—
21
2170\ 1 + 477 — ?rw\/l + 477 +108r?1 /1 + 4r7—

35
(8:9) 35r22\/1 + 4r7 — 63r%3 /1 4+ 477 — ?7“24 14+ 4r7+
165r28y/1 4 4r7 — 14r2\/1 4 497 — 105r°0\/1 + 47 — 105/°1 /1 + 47—
35
S22/ 1 + 4T + 126030/ 1 + 4r7 — 42037\/1 4+ 47—

2

21
17538/ 1 + 47 — 105r%9/1 4 4r7 — SOV 4T

4292\ /1 4 4T — 707 \/1 + 407 — 17500 \/1 + 407 — 637 7/1 4 4r7—
7

STV 4T £ 41 T 7001 4T

1
105r7/1+ 4rT = 2107V/1 44T = Sr%0V/1 4 40T

4271\ /1 + 497 — 35¢92/1 + 477 — 3953 \/1 + 4r7 — 14950/ 1 + 49—
5770/ 1 + 497 — 2r77\/1 + 477

2178 63716
Ag(r) = =1+ 4r7 — % + 42711 — 28915 — ?T + 168721 — 70r%2 —
105724 105732
84723 — TT + 320728 — 56r2 — 210130 — 14073 — Tr+
336r% — 7090 _ 1689 — 3500 — 140r% — 97 | 16802 _ g1,
(8.10) 2
45 46 47 2174 49 52 53 54
280r™ — 350r™° — 84r*" — ——— 4+ 32r™7 — 35r°° — 280777 — 210r°" —
56
28 — % — 35r% — 168r°" — 70r%% — 47%% — 2179 — 56r% — 10,70

776 _ g, TT _ 84
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7
Bg(r) = 4r"\/1 4+ 4r7 — 57“8 14+ 4r7 + 34r'4/1 + 4r7 — 217151 + 4r7—
21
O/ 4+ 4rT + 1087 /1 + 40T — 35r%2 /1 + 4rT—

2

35
63r23\/1 4 477 — 57“24\/ 14 477 + 16502 /1 + 4r7—
1472/ 1+ 4r7 — 105r°0/1 4 477 — 1057%1 /1 + 4r7—
B8 T 412609/ T + 47 — 42097\ /T 4 47—

(8.11) 2

21
1757/ 1 + 47 — 10573 /1 + 4r7 — ?7‘40 1+ 4774

427" /T4 47 — 7005 /14 457 — 1750991 1 407 — 63747/1 + 47—
7

—r 81+ 48T + 4801 + 48T — 70853/ 1 + 42T — 105750/ 1 + 47—

2

1
2177/ 1 4 4r7 — 57'56\/1 +ArT — 42091\ /1 4 47 — 35792/ + 4r7T—
3r93\/1 + 4r7 — 14r%°V/1 + 497 — 5770/ 1 + 4r7 — 27/ 1 + 47

(8.12)
dg(r) = 1—8r" 4+ 217% — 84r' 4+ 161r'% — 336> — 448r°% + 392r* 4 693r*! — 6587 —

2240r2° — 364r°° + 2352131 4+ 1967132 — 672r%° — 459216 — 59361r°7 + 3640138+
7448139 + 3983110 — 336142 — 4704r%3 — 136787 — 649615 + 1638016 + 15680117+
5999748 — 6474 — 235250 — 14112151 — 22372r%2 + 36961° + 3785617 + 23912757+
6861756 — 448r°7 — 70561°% — 23520r°Y — 21098750 + 2464015 + 5933262 + 27432763+
5999764 — 13447%° — 1176075 — 23520r°7 — 9856r%® + 45584799 + 68516170 4 2396811 +
4032r™ — 224077 — 11760r™ — 14112r™ + 1386r° + 54544r™" 4 5992078 + 158487+
226175 — 2240r% — 7056152 — 4704753 + 6202r5% 4 47936r%° + 3962050 + 7728757+
162478 — 1344759 — 235219 — 672791 + 5992192 4 3169617 + 19320194 4 263215+
212179 — 448r°7 — 3361 + 3962r1%° + 1545619 + 6580192 + 5601102 4 30107104 —
64719 1+ 19327108 4 526471%9 1+ 14007110 + 56011 4 34320112 4- 6587116 4- 11200117 4-
1407118 4+ 30037120 + 1407124 1 1127125 4 20027128 4 147132 4 10017136 4 3647144+

917,152 + 147,160 +7“168
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(8.13)

QS(T

[1]

) =14 2r +3r2 + 473 + 50 + 6r° + 75 + 1478 + 307 + 48710 4 68r1 + 90712 4 114713+
561 + 91716 + 210717 4 360718 + 544710 4+ 765120 4 6902t 4 21022 4 36472+
91072 + 1680720 + 2720r%" + 3422128 4 225822 4 490r%° + 1001732 4- 2730733 4-
546073 4- 8848135 4 9364730 + 4804737 + 791738 + 2002710 + 60061 + 12768712+
19376713 4 174021 + 72447r%% 4 924716 3003118 + 994671% 4 21544r°° + 29824751
234881°2 + 805213 + 792r%* + 3430r°5 + 12418757 4 262341°° + 33720r°% + 23900750+
6672151 + 50212 + 298976% 4 11494755 4 23212156 4 29096157 + 1855215% + 412897+
276170 4+ 19601 + 76587 4 1517677 4 1960077 + 10944770 + 2024777 4 276r 8+
931750 + 3542781 + 7504r + 10304%% + 4942r%* + 11087 + 502r% + 294755+
110673 + 2828790 + 414479 4+ 1876192 4 98019 + 79279 + 4919 4 23897+
784r% 4 1232r% 4+ 7701109 4 9247101 4 9249102 4 345105 4 159,106 4 95641071
360r'%% + 660r'%% 4+ 7927110 + 19711 4 367115 + 1357116 4 3307117 + 49571184
4712 1307121 4 1107125 4 220126 4 30132 4 22133 4 66131 4 214 129192 150
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