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RANDOM ERGODIC THEOREMS WITH UNIVERSALLY REPRESENTATIVE SEQUENCES
Michael Lacey' , Karl Petersen? , Dan Rudolph® |, and Mate Wierdl*

ABSTRACT. When elements of a measure-preserving action of R? or Z¢ are selected in a random way,
according to a stationary stochastic process, a.e. convergence of the averages of an LP function along
the resulting orbits may almost surely hold, in every system; in such a case we call the sampling scheme
universally representative. We show that i.1.d. integer-valued sampling schemes are universally represen-
tative (with p > 1) if and only if they have nonzero mean, and we discuss a variety of other sampling

schemes which have or lack this property.

1. Introduction.

Suppose that elements of a measure-preserving action are applied in a random but stationary way,
and we are interested in the almost everywhere convergence of the averages of some function along the
orbits so generated. The random sequence of elements is fixed in advance, and the same sequence 1s applied
in all actions. If the sequence is very regular, for example periodic, we will always have a.e. convergence
of the averages for all actions and all integrable functions, because of the pointwise ergodic theorem:;
it 1s natural to ask whether a sequence that is typical in some sense, or sufficiently chaotic, stochastic,
or complex, will produce the same results. We have found some examples of stationary processes that
do produce a.e. convergence in this universal manner, but we also show that in general there exist

counterexamples, even for independent identically distributed sequences.

To establish notation and terminology, let I be a set, which will index families {S; : ¢ € I} of
measure-preserving transformations acting on probability spaces (V,C,v). A scheme for choosing com-
muting m.p.t.’s at random in a stationary way will be provided by a shift-invariant measure P on Q = IV,
Thus if w € Q, we will be interested in the a.e. dv(y) convergence of the averages

n
Algly) = %k;g(é’wk oS )

for all systems (V,C, v, {S; : 7 € I}, g). We have in mind the following examples:
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(1) I = (0,00) : we make measurements of continuous-parameter stationary processes, the
gaps between measurements having been determined by another, positive-real-valued stationary process;

(2) I =7 : at each time apply a power of a fixed m.p.t. T chosen in advance in a stationary
way;

(3) I ={0,1} : apply commuting m.p.t.’s Sy and S1, perhaps chosen independently, perhaps
according to some other stationary measure;

(4) I ={—1,1}: at each time, apply either a m.p.t. T or T~1;

(5) I =1{0,1,...,d— 1} : at each time apply one of d commuting m.p.t.’s, perhaps chosen
independently;

(6) I = 7% : we apply a stationary sequence of elements of a Z¢ action .

We will say that the scheme (2, P) (Q = IY) is universally representative for LP if for a.e. w € Q,
for every probability space (Y,C,v), every v — preserving action {S; : ¢ € I} on Y, and every g €
LP(Y,C,v), the averages A%g(y) converge a.e. dv(y). (The Random Ergodic Theorem deals with a weaker
property, since it fixes the process being sampled and states that almost all sampling sequences yield
almost everywhere convergence. This follows immediately from the pointwise ergodic theorem applied to

bl

the skew-product transformation (w,y) = (ow, Sy, y) on  x Y, where ¢ is the shift on Q.)

First we treat the case I = R, random sampling in continuous-parameter flows. The return-time
theorem of Bourgain, Furstenberg, Katznelson, and Ornstein [8] corresponds to the special case when
the sampling times take values in a lattice in R. This return-time theorem, in the formulation involving
averages of products of pairs of functions, extends to the real-parameter case (Theorem 1). This implies
that any sampling scheme always works correctly on each function in a dense set in L', namely those that
are smooth in the time parameter (Proposition 1); consequently convergence always holds in the mean
of order p> 1 (Corollary). In general, however, almost everywhere convergence can fail. For example, if
the spacing process has a continuous distribution in some interval, then with probability 1 the sampling
sequence will fail on some function in any real-parameter process (Example 1). On the other hand,
there also exist nontrivial examples of universally representative sampling schemes. For example, if the
spaces between sampling times take values 1 and «, where a may be irrational, the selections being
made according to a suitable Markov measure, then the sampling scheme is universally representative
(Example 2). By a modification of this idea, we can also construct universally representative schemes
that allow arbitrarily small gaps between measurement times (Examples 3 and 4). Given a universally
representative sampling scheme, certain kinds of perturbations of it will produce another universally
representative scheme (Example 5). Although it seems likely that there are universally representative

schemes in which the gaps between measurements are independent and take values in a countable set
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clustering at 0, so far we have not been able to construct a particular example.

The remainder of the paper concerns the random selection of transformations from a commuting
family, perhaps from an aperiodic action of several commuting transformations or from the set of powers
of a single transformation. The case when the selections are made according to a Bernoulli scheme (i.e.,

in an i.i.d. way), is already of considerable interest. Suppose first that we choose either a transformation

or its inverse according to the Bernoulli measure B(%, %), then because of the recurrence of the symmetric
one-dimensional random walk (in n steps approximately 1/n sites are visited, each one approximately v/n
times), at first glance one might suppose that when we look at the Cesaro averages we are seeing good
weights on powers of a single m.p.t., and so we should obtain a good sequence with probability 1. We
show (Theorem 4), by using Strassen’s functional law of the iterated logarithm, that in fact this is not the

case: in any aperiodic system, there is always a counterexample. On the other hand, whenever commuting
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m.p.t.’s are applied according to the Bernoulli scheme B( ), we have a.e. convergence of the Cesaro
averages along the subsequence 27/°9" (Theorem T7); this is proved by the Fourier method introduced into
ergodic theory by J. Bourgain. If powers of a single m.p.t. are to be applied according to the values of an
integer-valued independent sequence of integrable random variables, then there is always a.e. convergence
of the ergodic averages for LP functions, p > 1, if and only if the sampling process has nonzero mean
(Theorems 5 and 6, combined with Theorem 4). Choosing among commuting transformations according
to the entries in a certain Sturmian sequence does provide an example of a universally representative

scheme (Theorem 3).

The variety of behavior found in these examples makes the formulation of a condition that might
be necessary and sufficient for a sampling scheme to be universally representative seem fairly remote at
this time. The difficulty (and interest) of questions of this kind comes from two sources: inappropriate
averaging, either the discrete sampling of a flow or the one-dimensional sampling of a two-dimensional
action; and the need to deal simultaneously with uncountably many sampled processes, combining un-
countably many exceptional sets of measure zero into a single set of measure zero. Sampling theorems of

a different kind were considered in [14, 4].

The authors thank M. Akcoglu, M. Boshernitzan, and J. King for helpful suggestions and encour-
agement.
2. Random sampling of continuous-parameter stationary processes.

Let {dx(w) : k= 1,2, .. .}be a positive real-valued integrable stationary process and 7 (w) = 01 (w)+
oot Op(w), 70 = 0. The 7 (w) form our sequence of sampling times, and the d;(w) are the gaps between

measurements. The sampling scheme {8;} is universally representative (for L) if for a.e. w, {rx(w)}
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is a good sequence, in the following sense: For every measure-preserving flow {S; : —co < ¢ < co}on a

measure space (Y, C, v) and integrable function g on Y,

Ang(y) = %;;—: 9(S7, (w)y) converges a.e. dv(y) .

Because of the theorem on ergodic decompositions, we may as well assume that the sampling process
as well as all of the processes being sampled are ergodic. By subtracting off a constant, we may also
assume that the integral of g is 0. Letting @ = (0,00)N with the measure P generated by {d},
we have the representation di(w) = 6(c*~lw), where ¢ : Q@ — Q is the shift transformation and

J :Q — (0, oo) reads off the first coordinate of w.

Duscrete samples and return times. To see how sampling theorems are connected with return-time
theorems in the particular case when ¢ is N — valued (and similarly, with suitable adjustments, when ¢
takes values in a lattice in R), we consider the primitive transformation & : Q — Q built over the floor
with ceiling function § — 1. Then 7 (w) is the time of the K’th entry of w € Q to Q under . Thus if J
= 7y (w), then in the first J steps of its orbit under &, the number of times that w enters Q is Ny(w, ) =n,

and we have

n T (w)
%k;g (57 =5 2 xal@w)g (57y)
= s £ vl Pl ) = st 4 3 vl (81

For a.a. w, the first factor converges to ﬁ (where p is the usual extension of P to ?2) That for a.a. w
the second factor converges a.e. dv(y) for all (Y, C, v, g) is the return-time theorem of [8] (which applies

just as well to bounded measurable functions as to characteristic functions like xq).

THEOREM 1: If {73 : —o0 < ¢t < oo} is an ergodic measure-preserving flow on a finite measure
space (X, B, u) and feL™(X, B, pu), then ae. z€ X has the following property: For each system
(Y, C, v, {St}, g), where {S; : —o0 < t < oo}is an ergodic measure-preserving flow on the finite measure
space (Y, C, v ) and g is an integrable function on Y,

lim %ftf( Ts2)g(Ssy)d s exists for a.e. y (dv) .
t—o0 "°°

Proof: We assume that ¢ has integral 0. Moreover, if fis in the closed linear span in L? of the eigenfunc-
tions of {T;}, then existence and identification of the limit both follow easily from the Ergodic Theorem,
so by subtracting the projection of fonto this subspace (which is also bounded since it is a conditional
expectation with respect to the corresponding factor algebra) we may assume that fis in the orthocom-

plement in L? of the eigenfunctions of {7} }. In this case we want to show that the limit above is 0 for
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almost all y.

It is known that all but perhaps countably many of the maps 7; are ergodic; rescaling if necessary,
we may assume that 7, is ergodic for each r€ N. The set of good z whose existence is claimed in the
theorem is formed by deleting the following sets of measure 0 from X. First, apply the return-time theorem
of [8] to fand each of the maps T, r€ N, discarding a bad set of measure 0 for each r. Next, notice that

by the same Fubini argument that proves the Local Ergodic Theorem,
Dyf(z) = %foh |f(Ts2) — f(2)|d s = 0 as h—0 for a.e. z .

For each r€ N and ¢€ Q, discard the set of measure 0 of those z which are not generic for the set

{u: Dy/r f(u) > q}, in the sense that the orbit of z fails to visit this set with the correct limiting frequency.

Suppose now that z is in this remaining good set and that (Y, C, v, {S; }, g) is given. Tt is
sufficient to consider averages over intervals of length {= n € N. Upon dividing each interval [j, j41] into

rsubintervals [ & £+1] we find that

r? r

k41

LTS s = £ L S [(T) = f(Tigpal)d s

r

k41
T

+ Ji

r

Since fe L*°, we have a maximal inequality for

sup
t>0

L F(Tx)g(Ssy)ds| < ||f||oots;p0% I3 19(Ssy)lds

<+

coming from the Maximal Ergodic Theorem, so it is enough to prove convergence a.e. for a dense set of
functions g€ L1 (Y), such as those with ¢(Ssy) uniformly continuous in s, uniformly in y. (The familiar

functions

a(y) = [Z h(Ssy)e(y) ds

with he L (Y ) and ¢ € C(R) with compact support have

l9(Ssy) — g(Siy)| < ||h||oo||¢s_t—¢||L1(R) ;

where ¢;(u)= ¢(u+ts ).)

Dealing now with such a special g, choose r large enough that the second term in (1) is less than
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a given 1/K for all n.

Since Dy, f(u)— 0 a.e., we may choose r also large enough that p{u: D/, f(u) > 1/K }< 1/K .
Because the orbit of  under T4, visits {Dy, f > 1/K } with the right frequency, we can choose n large
enough that

rn—1

1 1
n kz::O X{Dl/r>1/K}(Tk/Tx) <2% .

Then the first term in (1) is bounded by

rn— k4l

k=0

rn—1
1 1
< l9llo 7 ;;::o {KX{Dl/rS”K}(Tk/rl’)+2||f||ooX{D1/r>1/K}(Tk/rx)

which is arbitrarily small for large K.

Finally, since r was fixed first, using the return-time theorem from [8] we may choose n large enough

that the third term in (1) is also less than 1/K.

REMARK: E. Lesigne (personal communication) has observed that the argument of [8], when applied to

integral averages, also yields this result.

In the case of a general sampling scheme, we may be considering returns to a set which has measure
0. With the notation above, if 6 : @ — (0, c0) is the function generating the spacings between sampling
times, consider the flow under the function ¢ with base (2, ¢). That is, we now let X={(w, #): 0<t< §(w)}
and define a flow {T; : —oo < s < oo}on X by letting each point (w, 0) flow up at unit speed until it hits
the ceiling, at which point it moves to (ow, 0). Then §;(w), d2(w), ... are the spacings between hits of

the floor €, so that the 73, (w) are exactly the return times of (w, 0) to £ under this flow.

In order to have a set of positive measure to return to, we take a narrow band below the ceiling

and work with 1ts characteristic function
_ 1
i) = FX {0 ty0ste)-nge<ow} @) -
For small A, f} has integral very near 1.

PROPOSITION 1: Any sampling scheme is representative for the (dense) set D(Y) of functions ge L'(Y)

for which g (Ssy) is a uniformly continuous function of s, uniformly in y.
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Proof: We consider h taking values in a sequence tending to 0. Suppose w is such that a.e. point 2=(w, 1)
is good in the sense of the continuous-parameter return-time theorem (Theorem 1) for all the functions
fn as above, as h varies in this countable set. Suppose further that w is generic for the function § on Q,

in the sense of the ergodic theorem and the transformation o. Then
J7E (T (w, 0)g(Ssy )ds = 0 unless o*~'w {6 > h },
so that if 2=(w, o) we have
Angy) = 2 s [T £ (D) g( Sy )ds

2) 5 vyt

S M) (#7050 = 11
Given € > 0, choose 0> 0 very small so that g has oscillation less than ¢/2 on any interval of length o and
7= (w, o) is good, in the sense of Theorem 1, for all the fj, with h in our countable set. Then choose h so
small that the second term in (2) is less than ¢ for all n and y . For large n, the third term is of the order
of u{é <h}||gll..; this can be made less than € by choosing h small and »n large. The fourth term tends to
0 as n— oo because it is bounded by 0'||g||oo/nh. Finally, by Theorem 1 we can choose n also large enough

that the first term 1s also less than e.

COROLLARY: Let (2, P) be a sampling scheme as above. Then for every measure-preserving flow
{S; 1 —o0 <t < oo} on a measure space (Y, C, v), p> 1, and g€ LP(V),

Ang(y) = %;_L: 9(S7, (w)y) converges in LF .
Proof: Always assuming ergodicity and mean 0, for h € D(Y),

14ngll, < [[An(g = Wl Hl[Anhll, < llg = Pl +ARA],
which can be made arbitrarily small by choosing first & and then n.
3. Examples of bad and good sampling schemes.

Example 1: Suppose that the spacing function § is uniformly distributed in [1/2; 1] and that the spaces
do* are all independent. Then with probability 1 the sampling times 75, and 1 are linearly independent
over Q, so it follows from [3] that the sampling scheme is not universally representative in this case: for
a set of w of probability 1, for every nontrivial (Y,C, v, {S;s}) there is a bounded measurable g on Y for

which the averages A,g¢(y) of the samples at the times determined by w fail to converge a.e.. Tt can be
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argued that this is the type of sampling scheme that is necessarily employed by actual scientists, and that
therefore, in view of this example and the Corollary to Proposition 1, von Neumann was right when he
argued that the Mean Ergodic Theorem, rather than the pointwise one, was the real ergodic theorem.
Example 2: We will show that there are some nontrivial Markov processes that do give rise to universally
representative sampling schemes. Suppose that the sampling process (2, F, P,d) is such that § takes
values in {1, o} for some o > 0 and that the difference between the number of 1’s and the number of a’s

seen remains bounded: there 1s K such that

k; {X{1}(5(0kw)) - X{a}(é(gk(,u))H < Kforalln=1,2,...and a.e. w €1

(actually K could also depend on w). Particular examples can be obtained from stationary Markov mea-

sures on run-limited graphs like

2T~
2T~
2T
2T~

Then the sampling times 74 (w) are in ZUZe«, a countable dense set in R, but of course the spaces between
them are bounded below. If 0 < g € L'(Y), then

Au() = £ 3 (Sri) < F 3 (S5 ST 44 SE 4578+ 550l

< (S15:)7G(y)

where G(y) = (STH + ...+ SE + 57K + ...+ SE)g(y) and (5,5,)* denotes the usual ergodic maximal
operator applied to S1.5,. From this the weak 1,1 inequality for sup, A,g(y) follows immediately, for all
w € Q. Since a.e. w yields a.e. convergence of A,g(y) for a dense set of g € L*(Y), it follows that for
almost all w the sampled averages A,¢(y) converge a.e. dv(y) for all g € L1 (V).

Example 3: We will extend the previous example to one in which the spacing function d takes arbitrarily
small positive values, say in a sequence r; that tends to 0. Under suitable conditions we will obtain a

sampling scheme that is universally representative for L?(Y) for p > 1.

Let each r; € (0, 1), and let P again have memory such that a step of size r; is always followed
immediately by one of size 1 — r;. For example, such a system can be constructed from an arbitrary
measure-preserving system (g, Py, Ty) and countable partition {41, Aa, ...} as follows. Let (2, P,T) be
the primitive transformation built by putting a “second floor” over (£2g, Py), the second floor being merely
a copy of (Qqg, Py). (Points on the first floor are mapped up by the identification map to corresponding
points in the second floor, and points in the second floor are mapped by Ty and then to corresponding

points in the first.) We define d =r; on A; and d =1 —r; on TA4;.



We claim that if p; = P(A;) decreases to 0 sufficiently rapidly, then for a.e. w for all ¢ € LP(Y')
the supremum (over n) of the averages A, g(y) along the times 7 (w) will be finite a.e. dv(y), and hence,
by Banach’s Principle, the sampling scheme will be universally representative for LP(Y). (For bounded ¢
a more direct argument using only the return times theorem is possible.) For simplicity, let us suppose
first that p > 2 and g€ LP(Y). Then for m = 0,1,..., Top(w) = m and Topmy1(w) = m + §(T?w) for all
w on the first floor of Q, so that for 0 < g € LP(Y)

Ang(y) = = 3 9(Srw¥) == > 9(Sky) + = X 9(Sktsrerny) -
k=1 k<n/2 k<n/2
The supremum of the first term is controlled by the ergodic maximal function S7g. To deal with the

second term, for each j let x; = Xfs=r,} and let x; denote the ergodic maximal function of x; under T2,
I~

Then the supremum of the second term is bounded by

Sosup = 30 xi(T%w)SkSrg(y) <3 |sups >0 X (T%w)
Fon k<n/2 J N k<n/2

<l @)% S5 (5,9 ()]

1/2 1/2
[sup% S SkSr,9%(y)
n k<n/2

1/2

We claim that it is possible to choose the probabilities p; so that
> (G (W))/? < oo almost surely;
J

let us assume this for the moment and note that if ¢ € L? for some p > 2, then ST(STjgz) € L% for
each j, by the Dominated Ergodic Theorem, so that its square root is again in LP C L'. Then the above

estimate shows that

fsup Angle) dvly) < [ Sigl)dviy) + T [ @] [ 1850592 )] dv(y) < oo as..

Therefore the same result also follows for a sequence of sampling times {7 (w)} generated by a point w

on the second floor of Q.

It remains to show that one can choose the p; so as to guarantee the almost sure convergence of

the series Z(X; (""))1/2 ; for example, p; = C4=73 will work. For then, by the Maximal Ergodic Theorem,
P{x; > 277} <Vyll, = Y P{8 = 1} = 2p; = 027,

so that > P{xj > 277} < 0o, and hence with probablity 1 we have \; < 277 for large enough j.

In the case of an arbirary p > 1 the same argument applies, except that the appropriate version

of Hélder’s inequality should be used. The requirement then becomes ) (xj(w))* < oo as., where
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p> (1/a)’. Again this can be arranged by choosing the p; = P{§ = r;} suitably.

Example 4: Upon deleting the times 7 (w) that are in Z from the sampling scheme in Example 3, we
obtain a scheme that might be termed an example of random delay: the k’th measurement is taken at
time 7, (w) = k + 6(c*w), where 0 < §(w) < 1 for all w, so that the size of the gap between the k’th
and (k + 1)’st measurements is v (w) = 1 + §(c*tlw) — §(c*w) = y(c*w), if y(w) = 1 + d(ow) — (w).
Notice that again (v — 1)(c*w) is bounded for each w, exposing the connection of these examples with
Example 2. Since Z is universally representative for LP(Y'), this scheme will be also whenever p and the

p; are chosen so that the corresponding scheme in Example 3 is universally representative for L? (V).

Question: Is it possible to generate a universally representative sequence of sampling times if the spaces
8 = 6 o ¢® between times are chosen independently from a set {r;} clustering at 0?7 Will the sequence
automatically be universally representative if P{d = r;} — 0 fast enough?

Example 5: The idea behind Examples 3 and 4 actually permits construction of a fairly wide class of
examples. Roughly speaking, if a sampling scheme admits a return-times type theorem, then so does
any countable-valued stochastic perturbation of the scheme, if its tail distribution vanishes sufficiently
quickly. To make this precise, let {7 (w)} be a sequence of sampling times, i.e., an increasing sequence of
nonnegative real-valued functions on a probability space (2, F, P); we say that the sequence has return
times for p (> 1) in case for all f € L*(£2), for almost all w, given a continuous-parameter measure-

preserving flow {S;} on a probability space (V,C,v) and ¢ € LP(Y),

A¥g(y) = %kz_:l f(Tk(,u)g(STk (w)y) converges a.e. dv(y).

For example, the sequence 7, = k has return times for each p > 1. As usual, let ¢ denote the index dual

to p.

THEOREM 2: Let p > 1. Suppose that {75} has return times for p and that 8 : @ — {31,532,...} is
a countable-valued measurable function for which there is a sequence {a;} of positive reals such that

> 1/a; < oo and

2.4
J

¥, <

Then {7x + 3T%} also has return times for p.

REMARKS: 1. Similarly, for any measurable function v on Q, oy (w) = 7 (w) + B(T*w) — y(w) also has

return times.

2. The situation of the theorem can be generalized still further. For example, in the definition
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of “has return times”, we may suppose that instead of transformations 5, (,,) sampled from a measure-
preserving flow, we are dealing with a random sequence of contractions {Uy (w)} on LP(Y). The pertur-
bation is formed by taking a sequence of contractions V1, Va,... on LP(Y) and a measurable function
j : Q — N and replacing ox(w) = 7% (w) + BT* (w) by Wi(w) = Uy (w)Vj(rry). Under the condition that
2 00 [ X )=y

case might involve the deflection of the action of a combination of commuting m.p.t.’s (ST)* off course,

< o0, the sequence {W,(w)} will also have return times in this sense. (A particular
q

by applying powers of either S or T" at random.)

Proof of Theorem 2: We may assume without loss of generality that f,g > 0. Let x; = X{p=p,}" and
abbreviate h; = fx;, g; = 95p,, and gj x = g;57, () The good set of w € €2 will consist of all those points
for which (1) there is a jy(w) such that for j > jo(w) we have

(h;")™ < ajllhy Iy

where* denotes the ergodic maximal function for 7' (this is a set of full measure, since by the Maximal

Ergodic Theorem and hypothesis,

S P{Y) > asllhgll} < 5 ol < 00):
J J
(2) w is good, in the sense of the return-times hypothesis, for each h;.

Notice that also for each j there is a set of full measure of y for which there is a jg(y) such that

for j > jO(y)’

(9;,7)" < a;llg; |l 5

in what follows, we will consider only those y that are in these sets of full measure for all j. Also, we let

Jo(w,y) = maz{jo(w), jo(y)}. For p > 1 the interchange of limit and sum in the calculation

lim
n (o] n (o] n
Agg(y) =lim 32 1 57 hy(TFw)gn(y) = Y lim 5 50 by (TFw)g;n(y)
i=1 k=1 Jj=1 k=1
(in which the limits inside the sum exist a.e. dv(y) for each j, by property (2)) is justified by the Dominated
Convergence Theorem, since (using Holder’s Inequality)

Sosup = 30 hi(Trw)gin(y) < 30 sup o 30 hi(TFw)gjk(y)
=t Tp=1 J<jolwy) ™ k=1

1/q n 1/p
TP DI EE D o AICA) Rl PRE D o
L k=1
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< X sup g X hi(Thw)gik(y) + X aglibyllllgll, < oo
j<jolwy) M k=1 J2jo(w,y)

If p = 1, then the hypothesis " a;

X{s=p,} H < oo only allows 3 to take finitely many values, and the
=5},

interchange of limits is again permissible.

4. Random application of commuting m.p.t.’s—a good example and a key counterexample.

In this section we investigate the problem of a.e. convergence of averages when the transformations
being applied at each integer time are selected from an arbitrary set of commuting m.p.t.’s, not necessarily
from a one-parameter flow. This is already an interesting question in the very simple case when at each
time we choose independently one of two commuting m.p.t.’s, such as either a m.p.t. or its inverse; we
will show below that sometimes this scheme admits pointwise ergodic theorems, but not always. If the
two transformations are chosen according to a general shift-invariant measure, the principles that make
possible the convergence of random averages are not at all clear; for two-dimensional averages (summing
over rectangles in Z?) one can prove return-time theorems, but here we are dealing with something
different—again some inappropriate averages, this time a sort of one-dimensional sampling, by means of

a random walk, of a two-dimensional situation.

It will develop that for independent sequences (i.e., if P = p* for a probability measure p on I)
there is a difference between examples of the kinds (2) and (4) (powers of a single transformation) and
those of kinds (3) and (5) (general aperiodic higher-dimensional actions). The first kind produces good
schemes for a.e. convergence of the A% ¢ if and only if the expectation of the powers is not zero. The second

kind never produces good schemes; there is always, however, a.e. convergence of a fixed subsequence of

the AY.

Sturmian samples. We begin by considering a good scheme of type (3), in which two commuting
m.p.t.’s chosen in a certain stationary (but highly dependent) way produce a good sampling scheme: we
will show that whenever two commuting m.p.t.’s are applied according to the entries in certain Sturmian
sequences, we will have a.e. convergence of the resulting ergodic averages for all functions in L'. Fix an
irrational o in (0, 1), let J = [0, < jo >] for some nonzero integer j (where < z > denotes the fractional

part of z), and for each z € [0, 1] define ¢(x) € {0, 1}Z by

B(x)() = xs (& + ko) and 7(2) = 5° 6(2)(j)

7=0

When sampling a pair of commuting m.p.t.’s So, S1, at each time k we will apply Sg)k—1)-

THEOREM 3: Each « € [0,1] generates a good {0,1} — sequence, in the following sense: Given any
probability space (Y,C,r), commuting m.p.t.’s Sy and S on Y, and g € L' (Y), the averages
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Atg(y) =% 2 g(Sg_Tk(x)SlTk(x)y) converge a.e. dv(y) .
k=1
Proof. Given any system (Y, C,v, Sy, S1), by considering the skew-product transformation (x,y) — (z +
@, Sy, (x)y) of the rotation by a on [0,1] with (Y,S5,51) we can obtain, for each fixed g € L1(Y),
convergence of the averages Aﬁlg(y) for a.e. (#',y). We will use this to show that in fact for all z € [0, 1],

these averages converge a.e. on Y if g € L (Y).

Given ¢ € [0, 1], notice that if 2’ is very near , and say to the right of #, then +ka and '+ ko are
either both in J or both not in J, except when & 4+ k« hits a very short interval to the left of an endpoint
of J. However, if the length of J is «, when we create a discrepancy at time k& by hitting the first of these
intervals, we immediately correct it at time k + 1; if the length of J is < ja >, the resynchronization
occurs after finitely many steps. Therefore |AZg(y) — Aﬁlg(y) is bounded by ||g]|., times the frequency
of visits of # 4+ ko to a short interval, and so will be very small if # is close to #’. Thus, given g € L™ (Y),
choose a countable set, of 2’ for each of which there is a full set of y € Y with convergence of the associated
averages; then given o € [0, 1] and ¢ > 0, if we choose one of our countably many «’ sufficiently close to

x, on the intersection of these countably many sets of y we will have

lim inf Aﬁlg(y) —e <lim inf AT g(y) <lim sup AZg(y) < lim sup Aﬁlg(y) +e .

In order to lift convergence from L*(Y') to all of L}(Y), we will again use a bounded-deviation

type of trick to establish a maximal inequality. Since |7, — ka] is bounded (see [16]), we may write
5 (2) = [ka| + m(k, z) |

where m is bounded (say by M) and integer-valued. Then the Maximal Ergodic Theorem implies that

the operators

Al =

S|

Z Sok(SO—lsl)LkocJ (So—lsl)m(k,x)
k=1
n—1 1 . & M 1
=5 (SIS ST X (SeTsy)?
7=0 |ka|=7 s=—M

also satisfy a maximal inequality, since the last two sums involve only boundedly many terms.

Now we consider the problem of applying two commuting m.p.t.’s according to a Bernoulli (in-
dependent identically-distributed) sequence on two symbols. We will see that this sampling scheme is
always universally representative for a fixed subsequence of the sequence of averages; but when the trans-

formations are a m.p.t. and its inverse, it is universally representative if and only if the distribution is
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not symmetric.

First we show that making independent choices of 1 and —1, each with probability %, does not

form a universally representative scheme (for applying a m.p.t. and its inverse).

THEOREM 4: Consider a sequence w € { — 1, 1}N chosen according to the Bernoulli measure B(%, %)7
that is, {wx} is a sequence of independent, identically-distributed choices of#1’s; —1 and 1 each being
chosen with probability % As usual, for each £ =1,2,...let Si(w) = w1+ ... 4wy denote the position at
time & of the random walk whose increment at time j is w;. Then with probability 1 w is a bad sequence
for U and U™, in the following sense: given any ergodic m.p.t. U on a nonatomic probability space

(Y,C,v), there is g € L(Y,C, v) such that the averages

Aa(y) = 5 29Uy

diverge a.e.. In fact, with probability 1 the sequence w will have strong sweeping out: given € > (0, we can
choose g to be the characteristic function of a set of measure less than ¢, yet have

lim sup
n — 0o

A¥g(y) =1 a.e. and 711ir£>ig£ A%g(y) = 0 a.e.

Proof: The idea is to use Strassen’s Functional Law of the Tterated Logarithm (see [11]) to find long
stretches where the averages along the powers S (w) involved look like the averages along a sequence that
is constant for very long stretches, except for relatively small fluctuations, and then to follow the approach
used for example in [13], making slight adjustments so as to avoid any possible ameliorating effects of the

fluctuations, to construct a small set that is visited too frequently.

It is enough (see [9]) to find, for each € > 0, and N € N, a set E of measure less than ¢ for which
ufsup,snyAYxE > 1 —¢€} > 1 — c. Because of the standard methods for transferring counterexamples by
use of Rokhlin towers, we may work with the translation action of Z on itself and find ¢ : Z — {0, 1} that

takes the value 1 only infrequently yet still achieves large values of the averages for most initial points (cf.
[13]).

Given € > 0, choose ¢ € N with 4/¢ < ¢, and fix a large positive integer n. Take «, 3 € (0,1)
with B(g + 1)971 < 1, let B_y = 0 and for i = 0,...,¢ — 1 let B; = (¢ + 1)!3. We define F(0) = 0,
F = (i+1)a on the interval [3;_1 + (g +1)"=1, 3] for 0 < i < ¢—1, linearly in between, and 0 elsewhere.
The constant « is chosen small enough so that [ |F']* < 1.

By the theorem of Strassen (see [11]), there are large values of n for which the rescaled graph of
the symmetric random walk uniformly approximates the graph of this function F : if w, = +/2nloglogn,
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then we can find arbitrarily large n with
%EZ—F(%) <afork=12...,n.

Fix such an n.

For each i = 1,...,¢q, let I; = [(i — 1)aw,, iaw,). We now define g(z) = 1 if z (mod qawy,)
€ I,UNL U, g(z) = 0 otherwise. (We are mainly interested in « € Z, but it is convenient to work for
the moment with R.) Notice that if (a part of) ¢ is transferred by means of the Rokhlin lemma to any
aperiodic action of Z, we will have u{g = 1} < 4/q < €. Moreover, if x € Z, choosing ¢ so that z(mod

qowy,) € Iy_;41 shows that

nfi—1

AL 9 > ma ﬁz g(x + Sk (w))
nBi—1
= # > ogle+ F(%)wn + i wy) (for some 8y € (—a, o))
o nBi—2
1 nBi—1
z qr?ﬁ_ > g(x + iaw, + Spwy) (dropping off contributions from the rise of F')
T nBi—2

> ﬂnﬁz—l_nﬁz—2 Z 1— % Z 1—¢

- q nfi—1 ’

since  + iaw, € I and |0pw,| < aw,.

REMARKS:

1. By a similar technique, if powers of a single transformation are applied independently according
to an integer-valued (not just +1 — valued) i.i.d. process with finite second moment and mean 0, then we
do not always have a.e. convergence. (We will show in the next section that such processes are universally

representative if they have nonzero mean.)

2. This counterexample implies that sampling a flow by an i.i.d. sequence, for example applying
Sy or S, with a irrational (members of a measure-preserving flow {S;}) according to whether the entries
in a fixed 1.1.d. mean zero Bernoulli sequence w are 1 or —1, will not always produce a.e. convergence.
(Contrast with Example 2 of Section 3, where the sampling process has some memory.) For otherwise
we could deduce a maximal inequality in Z* for sampling according to w € B(p,1 — p); but in the flow
Ucf(x) = f(x +1) on R, we can construct a counterexample as above for U; and U, if the expectation
p+ (1 — p)a = 0. This is because if we did obtain a.e. convergence in some aperiodic flow for some
irrational «, we could deduce a maximal inequality for all aperiodic Z* actions and transfer it to the

situation of the counterexample, where it cannot hold.

3. For the same reason, for an i.i.d. sampling scheme of type (3) (choosing one of a pair of
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commuting m.p.t.’s according to the entries in a mean 0 Bernoulli sequence on { — 1,1}), we cannot
have a.e. convergence of the full sequence of averages in any aperiodic Z? action (S™T™ # S*T! unless
(m,n) = (k,1)). We will see in Section 7 that we do always have a.e. convergence of a fixed subsequence

of the averages.

5. Sampling with independent integer-valued sequences with drift—the Fourier argument.

In this section we show that schemes of type (2) (I = Z), in which powers of a single m.p.t. are
applied according to an i.1.d. sequence with nonzero mean, are universally representative for LP for each
p > 1. The proof uses the Fourier method—estimation of trigonometric sums, with a simplification and
improvement by means of an exponential inequality for martingales. It is similar to the method used by
Stout (see [11]) to prove an exponential inequality and law of the iterated logarithm for martingales. A

previous argument along these lines due to Blum and Cogburn [5] yields mean convergence.

THEOREM 5: Let I = Z,Q = IN, and P = p>, where p is a probability measure on Z such that w;
has finite second moment and nonzero mean ¢ (that is, wy,wa, ... is a sequence of i.i.d. integer-valued
random variables with finite second moment and nonzero mean). Then the scheme (2, P) is universally

representative for LP for each p > 1.

Proof: We need to show that for every (¢ — finite) invertible measure-preserving system (Y, C, v, U) and

g € LP the averages

Aggly) = 1 30 g(US )
converge a.e. We can assu/ll:n:e1 that the greatest common divisor of the essential range of w; is 1. We are
going to compare Ay to another sequence of (nonrandom) operators Vy for which we already know a.e.
convergence. Let p, = P{w; = k}, and let the L' - L* contraction R be defined by

Rix) = 5 pro(U%),

k=—o00
and let

Vo) = 3 5 Rl

n—1
By Hopf’s ergodic theorem for positive contractions, for each g€ LP and for a.e. x there exists
lim

N— oo
Vng(z) = g7 (z) .



17

The limit function g* is the projection of g onto the space of R — invariant functions. (In fact, using the
assumption that the essential range of the w; is 1, it is not hard to see that the R — invariant functions

coincide with the U — invariant functions.)

For each r > 1 let I, = {[r"]:n = 1,2,... }. The proof of our theorem consists of showing that for

a.e. w and for each r > 1 we have

(1) > |Ava(w) = VnaW) |l < Corllally -
NE
For (1) implies that for a.e. w €  and each r > 1 we have, for a.e. x,

lim
and then convergence to g* along the full sequence follows from a well-known argument (see, for example,
[12)).
We proceed by a sequence of reductions. We can assume that 1 < p < 2. By the triangle inequality

(1) will follow from

Z AR W) - Vvg@llp < Curllgllp-
But this in turn follovvs if we show that there is 8 > 0 such that

(2) ||A — Vngl(y ||p < %‘;Hg”p forall N =12,...

Since we can interpolate between L? and L', (2) follows from an estimate of the form

(3) AR g() - Vagw)ll < F#llgllz, N=1,2,..

with a positive o. An application of the spectral theorem shows that (3) follows from
(1) sup  |AY(a)-Vn(a)] < S, N=12,..
laf < 1/2
Using the notation e(3) = e?™# and letting ¢(a) = 5. pre(ka) (the characteristic function of w;), the

k=—o0

Fourier transforms A 3 and Vn (into [-1/2,1/2)) are

and

Tvia) = 4 & R'(0) = % 3 ()"

The estimate in (4) will be proved in two parts. First we will work with small «, showing that
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) s AR (@) - (el < £
o < V-

and then we will obtain bounds for the rest of the o’s, namely

~

(6) sup V()] < §%

N7/ <ol < 1/2
and
(7) sup A% (a)] < G5 -

N7/ <ol < 1/2
Proof of (5):

First we write
N N N

(8) ~ Z_:le(Sn(W)a) - % Z_:l(fﬁ(a))” < ¥ 2_:1 le(Sn(w)a) - (¢()"]

B
=

< le(An(w)a) - e(néa)| + [e(néa) - (¢(a)”| = © .

n—1

By the (Hartman-Wintner) law of the iterated logarithm there is a set of full measure ; C € so that if
w € Q then |S,(w) - n-€| < C,(nloglogn)*/?. Tt follows, using |a| < N=3/4 that

(9) le(Sh (w)a - e(nSa)| = [e((Sn(w) - n€)a) - 1] < 20Cy|a| (nloglogn)'/>
< Cy(loglogN) 2 N=1/4,

Next we show that we have the estimate

(10) le(néa) - (¢(a))"| < CNTH2,

To see this first note that ¢(«) is twice continuously differentiable (since w; has finite second moment);

hence
(11) () =1+ ¢'(0)a + O(a?) = 1 + 2mifa + O(a?).
We also have
e(a) = 1 4 2mita + O(a?).
We can now estimate that

|(e(néar)) = (8(e))"] = [(e(§))" = (8(e))"] < nle(8a) - 6(a)] < n Ca® < CNTH2,
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since o? < N=3/2 By (9) and (10) we can finish the estimation in (8): ® < C,, (loglogN)'/? N=1/4,
The above proof did not use the assumption that £ # 0. On the other hand this is the only part

of the theorem where we used that w; had finite second moment. From now on we will use only that w;

has finite first moment.

Proof of (6):

We continue with the notation of the previous proof. By (11), since £ # 0, there are 6 > 0 and ¢ >
0 so that |1 - ¢(a)| > c|a| whenever || < 8. On the other hand, on the compact set £ > |a| > & we have
|1 — ¢(a)| > n for some positive 7. This is because the ged of the essential range of w; is 1, and hence for

-1/2 < o < 1/2 we have ¢(a) = 1 if and only if &« = 0. To sum up: there is C > 0 so that |1 - ¢(a)] >

Cla| whenever |a| < 1/2. Now we can estimate that for || > N—3/4

N
> _ n 1—(g(aN™"* -
Pv(o)] = |& 2 (9(o)”| < 3 AT < & ey < & g OV
Proof of (7):

We shall prove that there is a constant K (independent of N) so that for each 0< o] < 1/2

. logN —4
2 K/ wissmn (2 OV

Let us see how (12) implies (7). During the course of the proof of (6) we have shown that

155 e(Sn(w)a)

n—1

(12) P{ ]

|1 - ¢(a)| > Cla| whenever |a] < 1/2.

Therefore for|a| > N=3/% (12) implies

LS e(Sn(w)a)

n—1

PS v > C - flogN - N~1/8 3 < CN—%,

It follows that if we define Hy = {a| 1/2 > |a| > N=3/% o = k/N? for some integer k}, then

P w| sup

weths > C - logN - N71/8 3 < CN~2

b elsuw)a)

since #£Hy < N?. By the Borel-Cantelli lemma, for a.e. w, for every N

N

¥ 2 e(Sn(w)a)

n=1

sup
acHpy

< C, - logN - N~'/8,

Now to get the estimate in (7) (in which the supremum is taken over all 1/2 > |a| > N~3/%) we just use

the fact that for a.e. w for every N we have the following uniform estimate for the derivative of AK, () :
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Q.
2~
1=

(o)

w

3

€

s

N
2miSy (w)e(Sh (w)a| < % > 2mn Enll C,N

|
2~
]z

(for a.e. w, sup |Sy(w)|/n < 00).
n

So let us prove (12). We can assume that

logN
(13) V M=oty < -

We need to prove that

VIT=4(a)[TogN . 4
P< w] ‘Tnzle(é’n(w)a > KlogN 3} < CN™%,

or, with the notation A = |/2=2edlleaN g g = A é e(Spa)
(14 p{lul 1B ()] > Klogh | < N2,
We can estimate the left-hand side of (14) as

P{w| | Fy(w)| > K~logN} < E(e'FN|) d—KlogN
We see we just need to have the estimate
(15) E(e'FN|) < eClogN

because then we just have to choose K > C + 4. Let Ry and Iy denote the real and imaginary parts

of Fiy respectively. We can write, using ab < 1/2(a?+ b?),

E(ezRN) < eClogN, E(e‘zRN) < eClogN, E(ezIN) < eClogN, E(e‘zIN) < eClogN
We will only show
(16) E(ezRN) < eClogN

the proofs of the other bounds being entirely similar. For m > 1 let us denote by B, the sub c—algebra of B
generated by {w1, ...,wn, }, and let By = {2, B}. We define the (finite) martingale {( iy, By) : m=0, 1,... N}
and its real part {(Rpy, Bm) : m=0, 1, ... N}by setting

Fop(w) = EP» Fy(w) and R, (w) = EP»(Ry(w)), m=0,..., N,
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where E5m denotes the conditional expectation operator with respect to B,,. We will show the estimates

(17) |R0| <2,

(18) EBm=t((Ryy — Rin-1)) < C 8% 'm = 1,2...N,

and

(19) EBm=1(exp(2(Rpm - Rm-1))) < exp(C’ - EBn-1((Ryy, - Rm_l)z)), m=1,..,N.

Then we would get (16) as follows: by (19) and (18) we have
EBm=1(exp(2(Rm - Rm_1))) < eC1°9NIN ‘m=1 . N,

and hence
E(e2F) = B(EBN-1(e2Fn)) = B(EBN-1(¢2(Bn—Rn-1) . (2Rv-1)

< 6ClogN/N . E(eZRN_l) < 6ZClogN/N . E(eZRN_Q)

< ... < NClogN/N E(eCl°9N+4)

with the last inequality following from (17).
So let us prove (17) - (19). We need explicit formulas for F,,,. By the (complete) independence of
the w;’s,

LB (e(Amy1 (w)a)) = e(Am (wW)a - ¢(a),

and therefore

n—1 n—1

Fy = A % e(Spa) = A - Nil e(Spa) + e(wya) ~e(SN_1a)) ;

n—1

Fy_i=A - (Nf e(Spa) + é(a) - e(SN_loz)) =

2

N—2
=A- ( 3> e(Sha) + %l e(wN_la)~e(SN_2a)) :

n—1

n—1

N=2 >
Fn_s=A - ( ST e(Sha) + % é(a) - e(SN—za)) =

N-3 R
=A- ( > 3(Sha) + 51 e(wN_zoz)~e(SN_3oz)) ;

n—1
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FL=A" 11_—¢¢((o?;) e(wra) ;

Fo=A- 5508 6(a) .

Now (17) follows immediately from (13) and the above expression for Fy. We also have the following

estimate for m = 1,2,...,N:

2

—o(a)|-lo —pN =l (o
Bt (|Fpy = Fypoa ) = BR8] BB (fe(wmo) — 6(a)?)

logN 1—|¢(a)]? logN
ST T SO

1—|p(a)]?

since 1= é(a)]

is bounded uniformly in o (not an integer) . This implies (18).

Finally we prove (19). Let dy, = 2(Rpm - Rm—1). Then
(20) |dm|§2|Fm‘ m—1|§8'

This is because by (13)

[ = Pt | =/ Lm2tgleal =22 eua) = 6(a)] < 4
Now by (20)
EBn(edn) = BBnos (14 dy + 3 S| = EBomt |1 dyy + d? S G
j=2 7 i=2 7
< EBn-i| 14dy, +d2- ioj S =140+ BO(d]) € < exp(CEPm-1(d2)

7=0

which finishes the proof.

REMARKS: 1. Combining this Theorem with the counterexample that precedes it, we see that a square-

integrable integer-valued 1.i.d. process provides a universally representative sampling scheme «f and only
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1f 1t has nonzero mean.

2. The equivalent of Theorem 5 holds if the transformation U being sampled is a positive contrac-
tion of LP, not necessarily a m.p.t. [12].

6. Sampling with any integer-valued stationary sequence with drift—the tower argument.

In this section we use a more ergodic-theoretic viewpoint (towers, orbit equivalence) to show that
any (ergodic) integrable integer-valued stochastic process with nonzero mean is universally representative
for bounded stationary processes. For the positive integer-valued case, the reduction of universal represen-
tation to the return-times theorem (by means of towers) was made in Section 1; with some more effort,

we can accomplish the same thing in the positive expectation case.

THEOREM 6: Let I = Z,Q = I%, and let P be an ergodic shift-invariant probability measure on
2. Suppose that f = w; is integrable and has nonzero mean £. Then the scheme (2, P) is universally

representative for L.

Proof. Assume that £ > 0. We use the notations

k-1
Spw)=wi+ ... +wp = f(olw) for k> 1,

7=0
So(w) =0, and
-1 )
Spw)=wis1+ ... +wo =Y. floIw) for k < —1.
j=k
Also, forll' a m.p.t. on a probability space (Y,C,v) and g a bounded measurable function on Y, continue

to denote

Apg(y) = & él g(US+y) .
Define
M(w,n) = max{Sj(w) : 1 < j < n},
m(w,n) = min{S;(w) : 1 < j < n},
No(w, k) = card{j : 1< j <n, S;(w) = k} (for each k € Z ),

N7 (w, k) =card{j < 0:Sj(w)=k} (keZ).

and
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N(w, k) =card{j € Z: S;(w) =k} (k € Z).

We abbreviate Z(w) = N(w,0) + 1. Then

M(w,n)
Awgly) = Mok o 5 g(UFy) No(w, k).

k=m(w,n)

Assume that ¢ > 0. We will show that for a.e. w € Q (with the set of measure 0 not depending on
(Ya Ca v, Uag))a

(1) M:L‘)+nl—>€,and

M
(2) By = ﬁ S g(U*y) N(w, k) converges for a.e. y €Y as M — co.
k=1

Now
(3) M(w,n) = o0 as n — oo;
(4) m(w,n) is bounded;
(5) N(w,k) = Np(w, k) + N~ (w, k), and N~ (w, k) = 0 for k > ky(w);

(6) By the Ergodic Theorem, given ¢ > 0 for large n we have S, € [(§ — €)n, (£ 4+ ¢)n]. Thus
for large n (and M = M (w,n)), the difference between By and
M
By =4 5 o(0%) Nalorh)
is bounded by
(§+e)nAM

a2 g(Ury) N(w,k) ;

using (2), this can be seen to be on the order of e.

To prove (1), take the sequence n; < ng < ... of record times, i.e. such that M(w,n;) = Sy, (w)
for each j, and S, (w) < M(w,n) = M(w,n;) for n; <n < njti. Given € > 0, choose J large enough that

for n > ny, Sp(w)/n is within € of &. Then for n > nj, say with n; <n < nj41, we have

Salw) » M(wn) _ M(wn;)  M(wng) _ 5n;

. . bl
n n n nj nj

all of which are within ¢ of &.
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To prove (2), we will express the averages involved as those found in an application of the return-

times theorem to another transformation related to the shift ¢ on Q. The tower will have for its base
A={weQ:if k<0 then Sy(w) # 0}

with a column of height
h(w) = inf{Sk(w) : k € Z and Sy (w) > 0}

above each point w € A. Notice that A has positive measure (for example, it contains the set A, for the

transformation o=, as defined in [15, p. 83]).

We will define an ergodic m.p.t. ¢ : A — A, and then our desired system (X, 7T) will be the tower
over (A, ) with height function h. Fix w € Q and spread out the ¢ — orbit of w in Z x N as follows. Over
each integer ¢ in {Si(w) : k € Z} (the range of the cocycle) place a column (of height N(w,i)) of the

k=1 in the stack over

points o/w in the orbit of w arrived at when this value is assumed (i.e., include o
i if Si(w) = 7), ordered from bottom to top according to the order that the orbit of w inherits from Z.
(This picture may usefully be arrived at by plotting the random walk {Si(w) : k € Z} as a “snake graph”

over Z.) There are a few neat things to notice about this array of points:

(3) Any sum between a pair of elements in a stack is 0: If j < k and S;(w) = Sk(w) = ¢, then
Sk_j(ajw) =0.

(4) The bottom element of each stack is in A.

(5) If w is replaced by another point in its orbit, we obtain essentially the same picture, just

translated horizontally.
(6) The horizontal distance from the stack over 67w € A to the next one to the right of it is h(o/w).

Further, looking at this array of points also allows one to see that h is integrable. Consider the
region under the graph of | f| on © to be made up of segments D(z) of length | f(x)| over the points z € €.
We will cut up and rearrange this region in a measure-preserving way. Fix w € {2 and spread out the orbit
of w in the array described above. For x in the orbit of w, lay out a horizontal segment (of length |f(cx)|)
from the stack including z to the one including ox. This segment crosses a certain set of points z € A,
where “crosses” means that z lies under the left closed, right open segment. For each such z crossed by
a segment, we cut off that part of the segment, of length h(z), that extends from the stack over z to the
next stack to its right, and we assign this piece of the segment to z € A. Looking at the entire graph of
the random walk, we see that in this way each z € A gets assigned to it the number of segments that

cross 1ts stack, which is
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n(z) = card{j € Z : one of 5;(z), S;+1(z) is nonpositive and the other is positive}.

Since the cutting is done measurably and the rearranging (the assigning of pieces of D(z), for each z € Q,
to certain z € A) is accomplished by powers of ¢ in the first coordinate and translation in the second,
this process is a measure-preserving transformation of the region in 2 X Z under the graph of |f| to the

region in A x Z under the graph of n(z)h(z). Thus

fn |fldP = fA n(z)h(z)dP
and in particular, since n(z) > 1 a.e., the integrability of f implies that of A.

Now we define a map 7 : Q — Q as follows. Given w € €, form the array corresponding to it
as above. If w is not the top element in a stack, let 7w be the point immediately above it; otherwise,
let 7w be the point on the bottom of the next stack to the right. Then 7 is a well-defined, measurable,
one-to-one, onto map of the form 7(w) = Uj(w)(w) which has the same orbits as does o; therefore 7 is an

ergodic m.p.t. on .

Let ¢ : A = A be the first-return map (under 7) to A. Thus for each z € A, ¢z is the element
on the bottom of the stack to the right of z. Further, for any € Q, let 7z be the bottom element of
the stack to which x belongs (this is independent of the starting point in the ¢ — orbit of  used to form
the array). Finally, as mentioned above, (X, T) is the measure-preserving system obtained by building a
tower with height function h over (A, ). Extend Z(w) = card{j € Z : S;(w) = 0} to X by defining it to
be 0 off A. Then

M M
LS g(UF2) N(w, k) = & 3 g(Uky) Z(TFaw) .
k=1 k=1
By the return-times theorem, for almost all 7w, and hence for almost all w, for any measure-preserving

system (Y,C,v,U) and any g € L>(Y') these averages converge a.e. dv(y).

REMARK:If Z € LP(A) forsome 1 < p < 00, and %—1—% =1, then for a.a. w we will obtain a.e. convergence
of A¥g(y) for all systems (V,C,v,U) and all g € L2(Y"). This follows from the above argument and the

LP | L% version of the return-times theorem.
7. Independent applications of elements of a higher-dimensional action—convergence of a
subsequence.

In this section we consider sampling schemes of type (6), applications of elements of a higher-

dimensional measure-preserving action selected at random independently (for example, at each time we
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apply one of a finite set of commuting m.p.t.’s): d is a positive integer, p is a probability measure on Z¢
with finite second moment (i.e. |k|2p(k') < o), and (,P) = (Z¢, p)N, the product measure space of
infinitely many copies of (Z%, p). We continue to let S, (w) = wy + ... + wy, where w; is the projection of
w onto the j’th coordinate space of Q@ = (Z4)N. The p-th coordinate of a vector v € R? is denoted by v(P),
We use the absolute value sign two (not really different) ways: || means the absolute value of the real
number z, but for a vector z € R? we understand |z| = ma$1§p§d|x(”)|~ The Fourier-transform variables

a, B € RY always satisfy |a|, |8] < 1/2. The constants mentioned below can depend on the dimension d.

THEOREM 7: For t = 1,2,... let Ny = [2/°9!]. Then a.e. w€ Q has the following property: for every

measure-preserving action of Z¢ on a o — finite measure space (Y,C,v) and every g € L?( Y ), the limit
lim 1 s
t—soo Ny Z g(U n(w)y)
n=1
exists for a.e. ye Y.

REMARKS:

(1) We will see from the proof that if the support of p generates (with respect to addition) the
whole of Z%, then the above limit is ¥ — a.e. equal to the projection of g on the space of U-invariant

functions.

(2) Probably the methods of [2] can be used to prove a.e. convergence for g€ LP(Y), p > 1, but
we do not know what happens for g& L*(Y).

(3) U can be replaced by a Z¢ — action of positive L? — contractions. (The spectral theorem is

valid for L? — contractions, not just for isometries.)

(4) There is an L? — dense class of g’s for which the averages converge along the full sequence N =
1,2,..., and not just along the subsequence N;. (Take the ranges of the images of the spectral measures of
the d — torus with a neighborhood of the origin removed. The Fourier transforms of the kernels involved
tend to 0 uniformly on each such set. If the support of p fails to generate, we may need to remove a finite

number of d — dimensional cubes.)

(5) If we had convergence along the sequence N; = 2' then we would also have convergence for
the full sequence. (This is because, for positive operators, existence of a maximal inequality along such a
subsequence implies the maximal inequality along the full sequence, and we have convergence on a dense

set.)

(6) Tt is easy to modify our proof below to get a.e. convergence of the averages along the subsequence

N¢ = t! or Ny = [2°11998 ] where c is any fixed positive constant. The secret is that {N;} should satisfy:



28
Ny > 1 and N¢y1 /Ny should be greater than a fixed positive power of log (N;). Any such sequence has
the following three key properties:

(1) There is a positive integer s so that for any given nonnegative tg,

if t> 1y + s then

logNy < 1
Ny = \/NtD_HloglogNtD_H
(ii) For each tg,
Z Ne < Ntu .
t<to

(iii) If M; = logN: /Ny , then

(7) We have mean convergence along the full sequence N = 1,2... (since we have a.e. convergence

for a dense set).

Proof of Theorem 7. The ideas are similar to the proof of Theorem 5. We can assume that the support
of p generates Z?¢. (Otherwise consider a subaction of Z? which is necessarily isomorphic to a Z¢ — action

for some d’ < d). For w € €, continue to denote

N
Aol = x X g(U™y) .

We are going to compare A 3 to another sequence of operators V. First we define
Rg(y) = > p(k)g(U"y),
kezd

and then we let

N
Vvg(y) = & X Rg(y)-
n=1
By the Hopf ergodic theorem, for each g€ L? and a.e. y we have

lim
N—= oo
Vng(y) = g7 (),

where ¢* is the projection of g on the space of R-invariant functions. In fact, it is not hard to see that
the R-invariant functions coincide with the U-invariant functions. We want to show that there is ' C Q

with P(€) = 1 such that if we Q' then
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) Jy | 2148000 = Vig)F | dy < Culall 200,

An application of the spectral theorem shows that (8) follows from

Oko _/\ 9
O)sup 3 1A 5, (@) = P (@)f? < C

where the Fourler-transforms A;‘\),(a) and ?N(a) are

and

v = 4 3 (ela))"
and ¢(a) = kgd p(k)e(k-) .

The inequality in (9) will be a consequence of the following estimates (compare with inequalities

5-7 in the proof of Theorem 5):

(10) ‘ﬁ;‘\’,(a) — ‘A/N(oz)‘ < min {2, Culalv/NloglogN };
(11) ‘ﬁN(a)‘ < min {1, N|CO(|2 };

and

(12) |45 ()] < min ¢ 1, Cuy/35

Let us deduce a single inequality that is a consequence of (10)-(12) (using the fact that the square

root of a number less than one is greater than the number):

~ o~ logN

(13) Ay (a) - VN(Q)‘ < min 2,Cw|a|\/NloglogN,Cw—V|T

Note that for fixed N the above estimate gives only the trivial bound 2 if

& e <lol <%
@ 1/ NloglogN — -

This is the main cause of difficulty; however, along the highly lacunary subsequence {N;}, each « is in
this undesirable region for only a bounded number of steps. Before we prove the estimates (10)-(12), let

us see how they—that is (13)— imply (9). We will use the properties mentioned in Remark (6).

Fix a# 0. Let ¢y be the largest positive integer t satisfying |o| < ——=—— . (If there is no t
— +/NiloglogN,
like this then we take {; = 0.) Note that
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1
\/Nt0+1l09l09NtD +1

< |a|.

Using the s from Remark 6 (i), we now split the sum on the left of (9) into three subsums:

~ 2

S1AE (@) = Va(a)| =

D SR K i D DR Kl e D D B

1<t<tg to<t<to+s to+s<t

Using (13) and the definition of N; we can estimate the first sum as

IA

MPSEZ(QMWWW@W)
1<t<to 1<t<to
2

< Z Cuwr/NiloglogNy < Cw;

T 1<i<t, \/Nto+1l09109Nt0+1 -

then the second as

P Y 2<4s=G
to<t<to+s to<t<to+s

and finally the third as

which implies (9).

Proof of (10). Let us put £ = > kp(k), the mean element of the random action. First we write
kezd

LS e(Su(w) @) — & 3 (p(a))"

n=1 n=1

Z|=

<% 3 le(Snl)a)—(s(@)"|

<& T le(Salw)a)—e(ng )] + fe(ng -a)~(p(@))" = ©

By the law of the iterated logarithm there is a set Q3 C Q of full measure such that if we € then
|Sh(w)—né| < Cy/nloglogn for all n. (The d-dimensional estimate follows by using the one dimenional

one on each coordinate.) As in the proof of (5.5) we get

(14) [6(Si(w)-a) = e(ng-)| < Culaly/aloglogn.

Next we show that
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(15) le(ng-a) = (p(@))"| < Claf*n.

To see this first note that (since p has finite second moment)
() = 1+ 2mi& - a + O(|a]?).
We also have
e(-a) =1+ 2mi - a + O(|a]?).
As in the proof of (5.5) the above two estimates imply (15). By (14) and (15) we can finish our proof:
© < CulalVNTogTagl + Claf2N
< Culalv/NToglogV,

(using Cylal/NloglogN < 2 and that the square root of a number less then one is greater than the

number).

Proof of (11). We can assume that a # 0. It follows that ¢(a)# 1, since the support of ¢ generates Z¢.

Summing the geometric progression, we get

We see that we just have to prove that
(16) [1=¢(a)| > Clal?,

with C independent of a and N. (Recall the two meanings of | - |.) As in the proof of (5.6) it is enough to
prove (16) in a neighborhood of 0. First we write

[1—¢(@)] > [1 - R(p(a))| = |1 - kgd p(k)cos(2mk - o

= o2 kez% p(k)(k-a)? 4 of|al?),

since p has finite second moment.

We see we just need to show that

am) 2 gk(ka)? > Claf*
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Let us define the quadratic form Q on R? by
Qxx) = 3 p(k)(kex)?.

kezd

Since the support of ¢ generates Z? it follows that Q is positive definite. By classical results, there is a
d
basis {vi,...,v4} of RY, and positive numbers Ay, ..., A4, so that if x = T(q)vq then
g=1

Therefore

To prove (17) we just need to prove that |o] < C  max | ayl.
- I<qg<d

Let {w...,wq} be the orthonormal basis for which we defined the coordinates a(?). We have

d d
> aPw, = 3 A(q)Vq-
p=1 g=1

It follows that

d

> g (vg - wp)

g=1

o)) = <G 12;1;51 gl

<C 12;;5 ()]

and we are done.

Proof of (12). An argument identical with the proof of (5.7) gives a constant K so that for every a and
every N

p w‘ﬁ;(a)‘zK N < ON R

(just choose K large enough, d being fixed). By the estimate in (16) this implies that (with a different K)

(18) Pwl [Ag(a)| > K \/REE § <o

Let Hy = {a | a®) = k@) /N2 p =1,..d, for some k€ Z?}. By (18) we have

n logN —
Pl e d @ | | A% (@) > K /5 1] < Cn2.

By the Borel Cantelli Lemma there is a set €29 C Q of full measure so that if w € Qs then for a€ Hy
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(19) | A5 ()] < cuy/3EE

But we want (19) to hold for every o. An application of the Law of Large Numbers shows that there is a
set Q3 C Q of full measure so that if w € Q3 then for |a — 8 | < N~2

(20) 5@ -A50)] < %

(estimate the differences of exponentials, or take the gradient). Now (19) and (20) imply (12), since the
right-hand side of (19) is at least C\,1/logN/N and we may assume that Cy+/logN/N ﬁ < 1.

THEOREM 8: A.e. we Q has the following property: for every measure-preserving action of Z¢ on a
o — finite measure space (Y,C,v) and every g € L*(Y),

lim
N — o0
1 ol Sr(w)
N(logNloglogN)1/4 Z—:l g(U " y) =0 a.e. dl/(y)

Proof: We may assume that the support of p generates Z¢. Denote

N
B9(Y) = NogNToglogh )T 2—31 g(USy) .
Fix » > 1 and let Ny = N¢(r) = |r*]. It is enough to prove that for each r > 1,

lim
t — oo
BY,9(y) =0.
We are going to compare BY; to
. N
J— n
Wi 9(Y) = NogniogiagnyrT n2—31 Rtg(y) ,
where R is as in the proof of Theorem 5. By Hopf’s theorem, for each g € L? and a.e. y we have

lim
N — oo
Wng(y) =0

As before, 1t is enough to show that for a.e. w € Q
2

(20)sup 3 | By, (0) = Wi ()| < Cl,
t=1

where the Fourier transforms of the kernels are
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. N

By (o) = N(logNlo;logN)l/“ nZ::1 e(Sn(w) - a)
and

- . N

Wila) = Sognigrogmre 2 (900",

with ¢(«) as before. If

un = 2
N = (logNloglogN)1/4

and

_ V' N(loglogN 1/4

UN = logl/4 N )

then the estimate (13) gives

~

BKT(O[) - WN(a) < min {uNa Cw|a|vNa %m} .
This time we obtain the “trivial” bound ux when « is inside a small cubebut outside a really small cube
at stage N (%—]z% < la| < Q%) Again, along the lacunary sequence { N, }, the two sequences of squares

= upn

pass each other after a fixed delay: there is an s such that

un
Lo 1 o< 2 L forall t
UNy UNy — = Co Unyy,

and so we may again select ¢y to be the largest ¢ with

2
[

o > lal
Ny —

Q

w

and decompose the sum into three pieces as before.
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