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ABSTRACT. When elements of a measure-preserving action of R

d

or Z

d

are selected in a random way,

according to a stationary stochastic process, a.e. convergence of the averages of an L

p

function along

the resulting orbits may almost surely hold, in every system; in such a case we call the sampling scheme

universally representative. We show that i.i.d. integer-valued sampling schemes are universally represen-

tative (with p > 1) if and only if they have nonzero mean, and we discuss a variety of other sampling

schemes which have or lack this property.

1. Introduction.

Suppose that elements of a measure-preserving action are applied in a random but stationary way,

and we are interested in the almost everywhere convergence of the averages of some function along the

orbits so generated. The random sequence of elements is �xed in advance, and the same sequence is applied

in all actions. If the sequence is very regular, for example periodic, we will always have a.e. convergence

of the averages for all actions and all integrable functions, because of the pointwise ergodic theorem;

it is natural to ask whether a sequence that is typical in some sense, or su�ciently chaotic, stochastic,

or complex, will produce the same results. We have found some examples of stationary processes that

do produce a.e. convergence in this universal manner, but we also show that in general there exist

counterexamples, even for independent identically distributed sequences.

To establish notation and terminology, let I be a set, which will index families fS

i

: i 2 Ig of

measure-preserving transformations acting on probability spaces (Y; C; �): A scheme for choosing com-

muting m.p.t.'s at random in a stationary way will be provided by a shift-invariant measure P on 
 = I

N

:

Thus if ! 2 
; we will be interested in the a.e. d�(y) convergence of the averages

A

!

n

g(y) =

1

n

n

P

k=1

g(S

w

k

: : :S

!

1

y)

for all systems (Y; C; �; fS

i

: i 2 Ig; g): We have in mind the following examples:
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(1) I = (0;1) : we make measurements of continuous-parameter stationary processes, the

gaps between measurements having been determined by another, positive-real-valued stationary process;

(2) I = Z : at each time apply a power of a �xed m.p.t. T chosen in advance in a stationary

way;

(3) I = f0; 1g : apply commuting m.p.t.'s S

0

and S

1

; perhaps chosen independently, perhaps

according to some other stationary measure;

(4) I = f � 1; 1g : at each time, apply either a m.p.t. T or T

�1

;

(5) I = f0; 1; : : : ; d� 1g : at each time apply one of d commuting m.p.t.'s, perhaps chosen

independently;

(6) I = Z

d

: we apply a stationary sequence of elements of a Z

d

action .

We will say that the scheme (
; P ) (
 = I

N

) is universally representative for L

p

if for a.e. ! 2 
;

for every probability space (Y; C; �); every � � preserving action fS

i

: i 2 Ig on Y; and every g 2

L

p

(Y; C; �); the averages A

!

n

g(y) converge a.e. d�(y): (The Random Ergodic Theorem deals with a weaker

property, since it �xes the process being sampled and states that almost all sampling sequences yield

almost everywhere convergence. This follows immediately from the pointwise ergodic theorem applied to

the skew-product transformation (!; y)! (�!; S

!

1

y) on 
 � Y; where � is the shift on 
:)

First we treat the case I = R; random sampling in continuous-parameter 
ows. The return-time

theorem of Bourgain, Furstenberg, Katznelson, and Ornstein [8] corresponds to the special case when

the sampling times take values in a lattice in R: This return-time theorem, in the formulation involving

averages of products of pairs of functions, extends to the real-parameter case (Theorem 1). This implies

that any sampling scheme always works correctly on each function in a dense set in L

1

; namely those that

are smooth in the time parameter (Proposition 1); consequently convergence always holds in the mean

of order p� 1 (Corollary). In general, however, almost everywhere convergence can fail. For example, if

the spacing process has a continuous distribution in some interval, then with probability 1 the sampling

sequence will fail on some function in any real-parameter process (Example 1). On the other hand,

there also exist nontrivial examples of universally representative sampling schemes. For example, if the

spaces between sampling times take values 1 and �; where � may be irrational, the selections being

made according to a suitable Markov measure, then the sampling scheme is universally representative

(Example 2). By a modi�cation of this idea, we can also construct universally representative schemes

that allow arbitrarily small gaps between measurement times (Examples 3 and 4). Given a universally

representative sampling scheme, certain kinds of perturbations of it will produce another universally

representative scheme (Example 5). Although it seems likely that there are universally representative

schemes in which the gaps between measurements are independent and take values in a countable set
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clustering at 0, so far we have not been able to construct a particular example.

The remainder of the paper concerns the random selection of transformations from a commuting

family, perhaps from an aperiodic action of several commuting transformations or from the set of powers

of a single transformation. The case when the selections are made according to a Bernoulli scheme (i.e.,

in an i.i.d. way), is already of considerable interest. Suppose �rst that we choose either a transformation

or its inverse according to the Bernoulli measure B(

1

2

;

1

2

); then because of the recurrence of the symmetric

one-dimensional random walk (in n steps approximately

p

n sites are visited, each one approximately

p

n

times), at �rst glance one might suppose that when we look at the Cesaro averages we are seeing good

weights on powers of a single m.p.t., and so we should obtain a good sequence with probability 1. We

show (Theorem 4), by using Strassen's functional law of the iterated logarithm, that in fact this is not the

case: in any aperiodic system, there is always a counterexample. On the other hand, whenever commuting

m.p.t.'s are applied according to the Bernoulli scheme B(

1

2

;

1

2

); we have a.e. convergence of the Cesaro

averages along the subsequence 2

nlogn

(Theorem 7); this is proved by the Fourier method introduced into

ergodic theory by J. Bourgain. If powers of a single m.p.t. are to be applied according to the values of an

integer-valued independent sequence of integrable random variables, then there is always a.e. convergence

of the ergodic averages for L

p

functions, p > 1; if and only if the sampling process has nonzero mean

(Theorems 5 and 6, combined with Theorem 4). Choosing among commuting transformations according

to the entries in a certain Sturmian sequence does provide an example of a universally representative

scheme (Theorem 3).

The variety of behavior found in these examples makes the formulation of a condition that might

be necessary and su�cient for a sampling scheme to be universally representative seem fairly remote at

this time. The di�culty (and interest) of questions of this kind comes from two sources: inappropriate

averaging, either the discrete sampling of a 
ow or the one-dimensional sampling of a two-dimensional

action; and the need to deal simultaneously with uncountably many sampled processes, combining un-

countably many exceptional sets of measure zero into a single set of measure zero. Sampling theorems of

a di�erent kind were considered in [14, 4].

The authors thank M. Akcoglu, M. Boshernitzan, and J. King for helpful suggestions and encour-

agement.

2. Random sampling of continuous-parameter stationary processes.

Let f�

k

(!) : k= 1; 2, : : :gbe a positive real-valued integrable stationary process and �

k

(!) = �

1

(!)+

: : :+ �

k

(!); �

0

= 0: The �

k

(!) form our sequence of sampling times, and the �

k

(!) are the gaps between

measurements. The sampling scheme f�

k

g is universally representative (for L

1

) if for a.e. !; f�

k

(!)g
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is a good sequence, in the following sense: For every measure-preserving 
ow fS

t

: �1 < t <1gon a

measure space (Y, C; �) and integrable function g on Y,

A

n

g(y) =

1

n

n

P

k=1

g(S

�

k

(!)

y) converges a.e. d�(y) .

Because of the theorem on ergodic decompositions, we may as well assume that the sampling process

as well as all of the processes being sampled are ergodic. By subtracting o� a constant, we may also

assume that the integral of g is 0. Letting 
 = (0;1)

N

with the measure P generated by f�

k

g;

we have the representation �

k

(!) = �(�

k�1

!), where � : 
 ! 
 is the shift transformation and

� : 
! (0; 1) reads o� the �rst coordinate of !:

Discrete samples and return times. To see how sampling theorems are connected with return-time

theorems in the particular case when � is N � valued (and similarly, with suitable adjustments, when �

takes values in a lattice in R); we consider the primitive transformation e� :

e


!

e


 built over the 
oor 


with ceiling function � � 1: Then �

k

(!) is the time of the k'th entry of ! 2 
 to 
 under e�. Thus if J

= �

n

(!); then in the �rst J steps of its orbit under e�; the number of times that ! enters 
 is N

J

(!; 
) =n,

and we have

1

n

n

P

k=1

g (S

�

k

(!)

y) =

1

n

�

n

(!)

P

j=1

�




(e�

j

!)g (S

j

y)

=

1

N

J

(!;
)

J

P

j=1

�




( e�

j

!)g(S

j

y ) =

1

N

J

(!;
)=J

1

J

J

P

j=1

�




(e�

j

!)g (S

j

y) .

For a.a. !; the �rst factor converges to

1

�(
)

(where � is the usual extension of P to

e


): That for a.a. !

the second factor converges a.e. d�(y) for all (Y, C; �; g) is the return-time theorem of [8] (which applies

just as well to bounded measurable functions as to characteristic functions like �




):

THEOREM 1: If fT

t

: �1 < t < 1g is an ergodic measure-preserving 
ow on a �nite measure

space (X, B; �) and f2L

1

(X, B; �), then a.e. x2 X has the following property: For each system

(Y, C; �; fS

t

g, g), where fS

t

: �1 < t <1gis an ergodic measure-preserving 
ow on the �nite measure

space (Y, C; � ) and g is an integrable function on Y,

lim

t!1

1

t

R

t

0

f( T

s

x)g(S

s

y)d s exists for a.e. y (d�) .

Proof: We assume that g has integral 0. Moreover, if f is in the closed linear span in L

2

of the eigenfunc-

tions of fT

t

g, then existence and identi�cation of the limit both follow easily from the Ergodic Theorem,

so by subtracting the projection of f onto this subspace (which is also bounded since it is a conditional

expectation with respect to the corresponding factor algebra) we may assume that f is in the orthocom-

plement in L

2

of the eigenfunctions of fT

t

g. In this case we want to show that the limit above is 0 for
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almost all y.

It is known that all but perhaps countably many of the maps T

t

are ergodic; rescaling if necessary,

we may assume that T

r

is ergodic for each r2 N: The set of good x whose existence is claimed in the

theorem is formed by deleting the following sets of measure 0 fromX. First, apply the return-time theorem

of [8] to f and each of the maps T

r

; r2 N; discarding a bad set of measure 0 for each r. Next, notice that

by the same Fubini argument that proves the Local Ergodic Theorem,

D

h

f(x) =

1

h

R

h

0

jf(T

s

x)� f(x)jd s ! 0 as h!0 for a.e. x .

For each r2 N and q2 Q; discard the set of measure 0 of those x which are not generic for the set

fu: D

1=r

f(u) > qg, in the sense that the orbit of x fails to visit this set with the correct limiting frequency.

Suppose now that x is in this remaining good set and that (Y, C; �; fS

t

g, g) is given. It is

su�cient to consider averages over intervals of length t= n 2 N: Upon dividing each interval [j, j+1] into

r subintervals [

k

r

;

k+1

r

] we �nd that

1

n

R

n

0

f(T

s

x)g(S

s

y )ds =

1

n

rn�1

P

k=0

8

<

:

R

k+1

r

k

r

g (S

s

y)

�

f(T

s

x)� f(T

k=r

x)

�

d s

(1)

+

R

k+1

r

k

r

f( T

k=r

x)

�

g(S

s

y) � g(S

k=r

y)

�

d s +

1

r

f(T

k=r

x )g(S

k=r

y)

9

=

;

.

Since f2 L

1

; we have a maximal inequality for

sup

t > 0

�

�

�

1

t

R

t

0

f(T

s

x)g(S

s

y)ds

�

�

�

� kfk

1

sup

t > 0

1

t

R

t

0

jg(S

s

y)jds

coming from the Maximal Ergodic Theorem, so it is enough to prove convergence a.e. for a dense set of

functions g2L

1

(Y), such as those with g(S

s

y) uniformly continuous in s, uniformly in y. (The familiar

functions

g(y) =

R

1

�1

h(S

s

y)�(y) ds

with h2L

1

(Y ) and � 2 C(R) with compact support have

jg(S

s

y) � g(S

t

y)j � khk

1k�

s�t

��k

L

1

(R)

,

where �

s

(u)= �(u+s ).)

Dealing now with such a special g, choose r large enough that the second term in (1) is less than
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a given 1/K for all n.

Since D

h

f(u)! 0 a.e., we may choose r also large enough that �fu: D

1=r

f(u) > 1/K g< 1/K .

Because the orbit of x under T

1=r

visits fD

1=r

f > 1/K g with the right frequency, we can choose n large

enough that

1

rn

rn�1

P

k=0

�

fD

1=r

>1=Kg

(T

k=r

x) < 2

1

K

.

Then the �rst term in (1) is bounded by

kgk

1

1

rn

rn�1

P

k=0

1

1=r

R

k+1

r

k

r

�

�

f(T

s

x)� f(T

k=r

x)

�

�

ds

� kgk

1

1

rn

rn�1

P

k=0

h

1

K

�

fD

1=r

�1=Kg

(T

k=r

x) + 2kfk

1

�

fD

1=r

>1=Kg

(T

k=r

x)

i

� kgk

1

�

1

K

+ 2kfk

1

2

K

�

,

which is arbitrarily small for large K.

Finally, since r was �xed �rst, using the return-time theorem from [8] we may choose n large enough

that the third term in (1) is also less than 1/K.

REMARK: E. Lesigne (personal communication) has observed that the argument of [8], when applied to

integral averages, also yields this result.

In the case of a general sampling scheme, we may be considering returns to a set which has measure

0. With the notation above, if � : 
 ! (0; 1) is the function generating the spacings between sampling

times, consider the 
ow under the function � with base (
, �). That is, we now let X=f(!; t): 0�t< �(!)g

and de�ne a 
ow fT

s

: �1 < s <1gon X by letting each point (!; 0) 
ow up at unit speed until it hits

the ceiling, at which point it moves to (�!; 0). Then �

1

(!); �

2

(!); : : : are the spacings between hits of

the 
oor 
; so that the �

k

(!) are exactly the return times of (!; 0) to 
 under this 
ow.

In order to have a set of positive measure to return to, we take a narrow band below the ceiling

and work with its characteristic function

f

h

(x) =

1

h

�

f(!;t):0��(!)�h�t<�(!)g

(x) .

For small h, f

h

has integral very near 1.

PROPOSITION 1: Any sampling scheme is representative for the (dense) set D(Y) of functions g2 L

1

(Y)

for which g (S

s

y) is a uniformly continuous function of s, uniformly in y.
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Proof: We consider h taking values in a sequence tending to 0. Suppose ! is such that a.e. point x=(!; t)

is good in the sense of the continuous-parameter return-time theorem (Theorem 1) for all the functions

f

h

as above, as h varies in this countable set. Suppose further that ! is generic for the function � on 
;

in the sense of the ergodic theorem and the transformation �: Then

R

�

k

�

k�1

f

h

(T

s

(!; 0))g(S

s

y )ds = 0 unless �

k�1

! 2f� � h g,

so that if x=(!; �) we have

A

n

g(y) =

�

n

(!)

n

1

�

n

(!)

R

�

n

(!)

0

f

h

(T

s

x)g(S

s

y )ds

(2) �

1

n

n

P

k=1

�

f��hg

(�

k�1

!)

R

�

k

�

k

�h

f

+

1

n

n

P

k=1

�

f�<hg

( �

k�1

!)g(S

�

k

y) �

1

n

R

�

n

+�

�

n

f

Given � > 0; choose �� 0 very small so that g has oscillation less than �=2 on any interval of length � and

x= (!; �) is good, in the sense of Theorem 1, for all the f

h

with h in our countable set. Then choose h so

small that the second term in (2) is less than � for all n and y . For large n, the third term is of the order

of �f� <hgkgk

1

; this can be made less than � by choosing h small and n large. The fourth term tends to

0 as n!1 because it is bounded by �kgk

1=nh:

Finally, by Theorem 1 we can choose n also large enough

that the �rst term is also less than �:

COROLLARY: Let (
; P ) be a sampling scheme as above. Then for every measure-preserving 
ow

fS

t

: �1 < t <1g on a measure space (Y, C; �) , p � 1; and g2 L

p

(Y );

A

n

g(y) =

1

n

n

P

k=1

g(S

�

k

(!)

y) converges in L

p

.

Proof: Always assuming ergodicity and mean 0, for h 2 D(Y );

kA

n

gk

p

� kA

n

(g � h)k

p

+kA

n

hk

p

� kg � hk

p

+kA

n

hk

p

,

which can be made arbitrarily small by choosing �rst h and then n:

3. Examples of bad and good sampling schemes.

Example 1: Suppose that the spacing function � is uniformly distributed in [1/2, 1] and that the spaces

��

k

are all independent. Then with probability 1 the sampling times �

k

and 1 are linearly independent

over Q; so it follows from [3] that the sampling scheme is not universally representative in this case: for

a set of ! of probability 1, for every nontrivial (Y; C; �; fS

s

g) there is a bounded measurable g on Y for

which the averages A

n

g(y) of the samples at the times determined by ! fail to converge a.e.. It can be
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argued that this is the type of sampling scheme that is necessarily employed by actual scientists, and that

therefore, in view of this example and the Corollary to Proposition 1, von Neumann was right when he

argued that the Mean Ergodic Theorem, rather than the pointwise one, was the real ergodic theorem.

Example 2: We will show that there are some nontrivial Markov processes that do give rise to universally

representative sampling schemes. Suppose that the sampling process (
;F ; P; �) is such that � takes

values in f1; �g for some � > 0 and that the di�erence between the number of 1's and the number of �'s

seen remains bounded: there is K such that

�

�

�

�

n

P

k=1

h

�

f1g

(�(�

k

!)) � �

f�g

(�(�

k

!))

i

�

�

�

�

� K for all n = 1; 2, : : : and a.e. ! 2 


(actually K could also depend on !): Particular examples can be obtained from stationary Markov mea-

sures on run-limited graphs like

�

1

!

 

�

�

1

!

 

�

�

1

!

 

�

�

1

!

 

�

�

Then the sampling times �

k

(!) are in Z[Z�; a countable dense set in R; but of course the spaces between

them are bounded below. If 0 � g 2 L

1

(Y ); then

A

n

g(y) =

1

n

n

P

k=1

g(S

�

k

(!)

y) �

1

n

n

P

k=1

(S

1

S

�

)

k

(S

�K

1

+ : : :+ S

K

1

+ S

�K

�

+ : : :+ S

K

�

)g(y)

� (S

1

S

�

)

�

G(y) ,

where G(y) = (S

�K

1

+ : : :+ S

K

1

+ S

�K

�

+ : : :+ S

K

�

)g(y) and (S

1

S

�

)

�

denotes the usual ergodic maximal

operator applied to S

1

S

�

: From this the weak 1,1 inequality for sup

n

A

n

g(y) follows immediately, for all

! 2 
: Since a.e. ! yields a.e. convergence of A

n

g(y) for a dense set of g 2 L

1

(Y), it follows that for

almost all ! the sampled averages A

n

g(y) converge a.e. dv(y) for all g 2 L

1

(Y).

Example 3: We will extend the previous example to one in which the spacing function � takes arbitrarily

small positive values, say in a sequence r

j

that tends to 0. Under suitable conditions we will obtain a

sampling scheme that is universally representative for L

p

(Y ) for p > 1:

Let each r

j

2 (0; 1), and let P again have memory such that a step of size r

j

is always followed

immediately by one of size 1 � r

j

: For example, such a system can be constructed from an arbitrary

measure-preserving system (


0

; P

0

; T

0

) and countable partition fA

1

; A

2

; : : :g as follows. Let (
; P; T ) be

the primitive transformation built by putting a \second 
oor" over (


0

; P

0

); the second 
oor being merely

a copy of (


0

; P

0

): (Points on the �rst 
oor are mapped up by the identi�cation map to corresponding

points in the second 
oor, and points in the second 
oor are mapped by T

0

and then to corresponding

points in the �rst.) We de�ne � � r

j

on A

j

and � � 1� r

j

on TA

j

:
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We claim that if p

j

= P (A

j

) decreases to 0 su�ciently rapidly, then for a.e. ! for all g 2 L

p

(Y )

the supremum (over n) of the averages A

n

g(y) along the times �

k

(!) will be �nite a.e. d�(y); and hence,

by Banach's Principle, the sampling scheme will be universally representative for L

p

(Y). (For bounded g

a more direct argument using only the return times theorem is possible.) For simplicity, let us suppose

�rst that p > 2 and g2 L

p

(Y ): Then for m = 0; 1; : : : ; �

2m

(!) = m and �

2m+1

(!) = m+ �(T

2m

!) for all

! on the �rst 
oor of 
; so that for 0 � g 2 L

p

(Y )

A

n

g(y) =

1

n

n

P

k=1

g(S

�

k

(!)

y) =

1

n

P

k�n=2

g(S

k

y) +

1

n

P

k<n=2

g(S

k+�(T

2k

!)

y) .

The supremum of the �rst term is controlled by the ergodic maximal function S

�

1

g: To deal with the

second term, for each j let �

j

= �

f�=r

j

g

and let �

�

j

denote the ergodic maximal function of �

j

under T

2

:

Then the supremum of the second term is bounded by

P

j

sup

n

1

n

P

k�n=2

�

j

(T

2k

!)S

k

S

r

j

g(y) �

P

j

"

sup

n

1

n

P

k�n=2

�

j

(T

2k

!)

#

1=2

"

sup

n

1

n

P

k<n=2

S

k

S

r

j

g

2

(y)

#

1=2

�

P

j

�

�

�

j

(!)

�

1=2

�

S

�

1

(S

r

j

g

2

)(y)

�

1=2

.

We claim that it is possible to choose the probabilities p

j

so that

P

j

(�

�

j

(!))

1=2

<1 almost surely;

let us assume this for the moment and note that if g 2 L

p

for some p > 2; then S

�

1

(S

r

j

g

2

) 2 L

p=2

for

each j; by the Dominated Ergodic Theorem, so that its square root is again in L

p

� L

1

: Then the above

estimate shows that

R

sup

n

A

n

g(y) d�(y) �

R

S

�

1

g(y)d�(y) +

P

j

�

�

�

j

(!)

�

1=2

R �

S

�

1

(S

r

j

g

2

)(y)

�

1=2

d�(y) <1 a.s..

Therefore the same result also follows for a sequence of sampling times f�

k

(!)g generated by a point !

on the second 
oor of 
:

It remains to show that one can choose the p

j

so as to guarantee the almost sure convergence of

the series

P

(�

�

j

(!))

1=2

; for example, p

j

= C4

�j

will work. For then, by the Maximal Ergodic Theorem,

Pf�

�

j

> 2

�j

g � 2

j

k�

j

k

1

= 2

j

Pf� = r

j

g = 2

j

p

j

= C2

�j

,

so that

P

Pf�

�

j

> 2

�j

g <1; and hence with probablity 1 we have �

�

j

� 2

�j

for large enough j:

In the case of an arbirary p > 1 the same argument applies, except that the appropriate version

of H�older's inequality should be used. The requirement then becomes

P

(�

�

j

(!))

�

< 1 a.s., where
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p > (1=�)

0

: Again this can be arranged by choosing the p

j

= Pf� = r

j

g suitably.

Example 4: Upon deleting the times �

k

(!) that are in Z from the sampling scheme in Example 3, we

obtain a scheme that might be termed an example of random delay: the k'th measurement is taken at

time �

k

(!) = k + �(�

k

!); where 0 < �(!) < 1 for all !; so that the size of the gap between the k'th

and (k + 1)'st measurements is 


k

(!) = 1 + �(�

k+1

!) � �(�

k

!) = 
(�

k

!); if 
(!) = 1 + �(�!) � �(!):

Notice that again

P

(
 � 1)(�

k

!) is bounded for each !; exposing the connection of these examples with

Example 2. Since Z is universally representative for L

p

(Y ); this scheme will be also whenever p and the

p

j

are chosen so that the corresponding scheme in Example 3 is universally representative for L

p

(Y ):

Question: Is it possible to generate a universally representative sequence of sampling times if the spaces

�

k

= � � �

k

between times are chosen independently from a set fr

j

g clustering at 0? Will the sequence

automatically be universally representative if Pf� = r

j

g ! 0 fast enough?

Example 5: The idea behind Examples 3 and 4 actually permits construction of a fairly wide class of

examples. Roughly speaking, if a sampling scheme admits a return-times type theorem, then so does

any countable-valued stochastic perturbation of the scheme, if its tail distribution vanishes su�ciently

quickly. To make this precise, let f�

k

(!)g be a sequence of sampling times, i.e., an increasing sequence of

nonnegative real-valued functions on a probability space (
;F ; P ); we say that the sequence has return

times for p (� 1) in case for all f 2 L

1

(
), for almost all !; given a continuous-parameter measure-

preserving 
ow fS

t

g on a probability space (Y; C; �) and g 2 L

p

(Y );

A

!

n

g(y) =

1

n

n

P

k=1

f(T

k

!)g(S

�

k

(!)

y) converges a.e. d�(y):

For example, the sequence �

k

= k has return times for each p � 1: As usual, let q denote the index dual

to p:

THEOREM 2: Let p � 1: Suppose that f�

k

g has return times for p and that � : 
 ! f�

1

; �

2

; : : :g is

a countable-valued measurable function for which there is a sequence fa

j

g of positive reals such that

P

1=a

j

<1 and

P

j

a

j










�

f�=�

j

g










q

<1 .

Then f�

k

+ �T

k

g also has return times for p:

REMARKS: 1. Similarly, for any measurable function 
 on 
; �

k

(!) = �

k

(!) + �(T

k

!) � 
(!) also has

return times.

2. The situation of the theorem can be generalized still further. For example, in the de�nition
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of \has return times", we may suppose that instead of transformations S

�

k

(!)

sampled from a measure-

preserving 
ow, we are dealing with a random sequence of contractions fU

k

(!)g on L

p

(Y ): The pertur-

bation is formed by taking a sequence of contractions V

1

; V

2

; : : : on L

p

(Y ) and a measurable function

j : 
 ! N and replacing �

k

(!) = �

k

(!) + �T

k

(!) by W

k

(!) = U

k

(!)V

j(T

k

!)

: Under the condition that

P

a

n










�

fj(!)=n)










q

< 1; the sequence fW

k

(!)g will also have return times in this sense. (A particular

case might involve the de
ection of the action of a combination of commuting m.p.t.'s (ST )

k

o� course,

by applying powers of either S or T at random.)

Proof of Theorem 2: We may assume without loss of generality that f; g � 0: Let �

j

= �

f�=�

j

g

; and

abbreviate h

j

= f�

j

; g

j

= gS

�

j

; and g

j;k

= g

j

S

�

k

(!)

: The good set of ! 2 
 will consist of all those points

for which (1) there is a j

0

(!) such that for j � j

0

(!) we have

(h

j

q

)

�

� a

j

kh

j

q

k

1

,

where

�

denotes the ergodic maximal function for T (this is a set of full measure, since by the Maximal

Ergodic Theorem and hypothesis,

P

j

Pf(h

j

q

)

�

> a

j

kh

j

q

k

1

g �

P

j

1

a

j

kh

j

q

k

1

kh

j

q

k

1

<1);

(2) ! is good, in the sense of the return-times hypothesis, for each h

j

:

Notice that also for each j there is a set of full measure of y for which there is a j

0

(y) such that

for j � j

0

(y);

(g

j

p

)

�

� a

j

kg

j

p

k

1

;

in what follows, we will consider only those y that are in these sets of full measure for all j: Also, we let

j

0

(!; y) = maxfj

0

(!); j

0

(y)g: For p > 1 the interchange of limit and sum in the calculation

lim

n

A

!

n

g(y) =lim

n

1

P

j=1

1

n

n

P

k=1

h

j

(T

k

!)g

j;k

(y) =

1

P

j=1

lim

n

1

n

n

P

k=1

h

j

(T

k

!)g

j;k

(y)

(in which the limits inside the sum exist a.e. d�(y) for each j; by property (2)) is justi�ed by the Dominated

Convergence Theorem, since (using H�older's Inequality)

1

P

j=1

sup

n

1

n

n

P

k=1

h

j

(T

k

!)g

j;k

(y) �

P

j<j

0

(!;y)

sup

n

1

n

n

P

k=1

h

j

(T

k

!)g

j;k

(y)

+

P

j�j

0

(!;y)

�

sup

n

1

n

n

P

k=1

h

j

q

(T

k

!)

�

1=q

�

sup

n

1

n

n

P

k=1

g

j;k

p

(y)

�

1=p
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�

P

j<j

0

(!;y)

sup

n

1

n

n

P

k=1

h

j

(T

k

!)g

j;k

(y) +

P

j�j

0

(!;y)

a

j

kh

j

k

q

kgk

p

<1 .

If p = 1; then the hypothesis

P

a

j










�

f�=�

j

g










q

< 1 only allows � to take �nitely many values, and the

interchange of limits is again permissible.

4. Random application of commuting m.p.t.'s|a good example and a key counterexample.

In this section we investigate the problem of a.e. convergence of averages when the transformations

being applied at each integer time are selected from an arbitrary set of commutingm.p.t.'s, not necessarily

from a one-parameter 
ow. This is already an interesting question in the very simple case when at each

time we choose independently one of two commuting m.p.t.'s, such as either a m.p.t. or its inverse; we

will show below that sometimes this scheme admits pointwise ergodic theorems, but not always. If the

two transformations are chosen according to a general shift-invariant measure, the principles that make

possible the convergence of random averages are not at all clear; for two-dimensional averages (summing

over rectangles in Z

2

) one can prove return-time theorems, but here we are dealing with something

di�erent|again some inappropriate averages, this time a sort of one-dimensional sampling, by means of

a random walk, of a two-dimensional situation.

It will develop that for independent sequences (i.e., if P = �

1

for a probability measure � on I)

there is a di�erence between examples of the kinds (2) and (4) (powers of a single transformation) and

those of kinds (3) and (5) (general aperiodic higher-dimensional actions). The �rst kind produces good

schemes for a.e. convergence of the A

!

n

g if and only if the expectation of the powers is not zero. The second

kind never produces good schemes; there is always, however, a.e. convergence of a �xed subsequence of

the A

!

n

:

Sturmian samples. We begin by considering a good scheme of type (3), in which two commuting

m.p.t.'s chosen in a certain stationary (but highly dependent) way produce a good sampling scheme: we

will show that whenever two commuting m.p.t.'s are applied according to the entries in certain Sturmian

sequences, we will have a.e. convergence of the resulting ergodic averages for all functions in L

1

: Fix an

irrational � in (0; 1); let J = [0; < j� >] for some nonzero integer j (where < x > denotes the fractional

part of x); and for each x 2 [0; 1] de�ne �(x) 2 f0; 1g

Z

by

�(x)(k) = �

J

(x + k�) and �

k

(x) =

k�1

P

j=0

�(x)(j) .

When sampling a pair of commuting m.p.t.'s S

0

; S

1

; at each time k we will apply S

�(x)(k�1)

:

THEOREM 3: Each x 2 [0; 1] generates a good f0; 1g � sequence; in the following sense: Given any

probability space (Y; C; �); commuting m.p.t.'s S

0

and S

1

on Y; and g 2 L

1

(Y ); the averages
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A

x

n

g(y) =

1

n

n

P

k=1

g(S

k��

k

(x)

0

S

�

k

(x)

1

y) converge a.e. d�(y) .

Proof: Given any system (Y; C; �; S

0

; S

1

); by considering the skew-product transformation (x; y) ! (x +

�; S

�

J

(x)

y) of the rotation by � on [0; 1] with (Y; S

0

; S

1

) we can obtain, for each �xed g 2 L

1

(Y );

convergence of the averages A

x

0

n

g(y) for a.e. (x

0

; y): We will use this to show that in fact for all x 2 [0; 1];

these averages converge a.e. on Y if g 2 L

1

(Y ):

Given x 2 [0; 1]; notice that if x

0

is very near x; and say to the right of x; then x+k� and x

0

+k� are

either both in J or both not in J; except when x+ k� hits a very short interval to the left of an endpoint

of J: However, if the length of J is �; when we create a discrepancy at time k by hitting the �rst of these

intervals, we immediately correct it at time k + 1; if the length of J is < j� >; the resynchronization

occurs after �nitely many steps. Therefore

�

�

�

A

x

n

g(y) �A

x

0

n

g(y)

�

�

�

is bounded by kgk

1

times the frequency

of visits of x+ k� to a short interval, and so will be very small if x is close to x

0

: Thus, given g 2 L

1

(Y );

choose a countable set of x

0

for each of which there is a full set of y 2 Y with convergence of the associated

averages; then given x 2 [0; 1] and � > 0; if we choose one of our countably many x

0

su�ciently close to

x; on the intersection of these countably many sets of y we will have

lim inf A

x

0

n

g(y) �� � lim inf A

x

n

g(y) � lim sup A

x

n

g(y) � lim sup A

x

0

n

g(y) +� .

In order to lift convergence from L

1

(Y ) to all of L

1

(Y ); we will again use a bounded-deviation

type of trick to establish a maximal inequality. Since j�

k

� k�j is bounded (see [16]), we may write

�

k

(x) = bk�c +m(k; x) ,

where m is bounded (say by M ) and integer-valued. Then the Maximal Ergodic Theorem implies that

the operators

A

x

n

=

1

n

n

P

k=1

S

0

k

(S

0

�1

S

1

)

bk�c

(S

0

�1

S

1

)

m(k;x)

=

1

n

n�1

P

j=0

(S

0

�1

S

1

)

j

P

bk�c=j

S

0

k

M

P

s=�M

(S

0

�1

S

1

)

s

also satisfy a maximal inequality, since the last two sums involve only boundedly many terms.

Now we consider the problem of applying two commuting m.p.t.'s according to a Bernoulli (in-

dependent identically-distributed) sequence on two symbols. We will see that this sampling scheme is

always universally representative for a �xed subsequence of the sequence of averages; but when the trans-

formations are a m.p.t. and its inverse, it is universally representative if and only if the distribution is
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not symmetric.

First we show that making independent choices of 1 and �1; each with probability

1

2

; does not

form a universally representative scheme (for applying a m.p.t. and its inverse).

THEOREM 4: Consider a sequence ! 2 f � 1; 1g

N

chosen according to the Bernoulli measure B(

1

2

;

1

2

)|

that is, f!

k

g is a sequence of independent, identically-distributed choices of�1's, �1 and 1 each being

chosen with probability

1

2

: As usual, for each k = 1; 2; : : : let S

k

(!) = !

1

+ : : :+!

k

denote the position at

time k of the random walk whose increment at time j is !

j

: Then with probability 1 ! is a bad sequence

for U and U

�1

; in the following sense: given any ergodic m.p.t. U on a nonatomic probability space

(Y; C; �); there is g 2 L

1

(Y; C; �) such that the averages

A

!

n

g(y) =

1

n

n

P

k=1

g(U

S

k

(!)

y)

diverge a.e.. In fact, with probability 1 the sequence ! will have strong sweeping out: given � > 0; we can

choose g to be the characteristic function of a set of measure less than �; yet have

lim sup

n!1

A

!

n

g(y) = 1 a.e. and lim inf

n!1

A

!

n

g(y) = 0 a.e.

Proof: The idea is to use Strassen's Functional Law of the Iterated Logarithm (see [11]) to �nd long

stretches where the averages along the powers S

k

(!) involved look like the averages along a sequence that

is constant for very long stretches, except for relatively small 
uctuations, and then to follow the approach

used for example in [13], making slight adjustments so as to avoid any possible ameliorating e�ects of the


uctuations, to construct a small set that is visited too frequently.

It is enough (see [9]) to �nd, for each � > 0; and N 2 N; a set E of measure less than � for which

�fsup

n�N

A

!

n

�

E

> 1� �g > 1� �: Because of the standard methods for transferring counterexamples by

use of Rokhlin towers, we may work with the translation action of Z on itself and �nd g : Z! f0; 1g that

takes the value 1 only infrequently yet still achieves large values of the averages for most initial points (cf.

[13]).

Given � > 0; choose q 2 N with 4=q < �; and �x a large positive integer n: Take �; � 2 (0; 1)

with �(q + 1)

q�1

< 1; let �

�1

= 0 and for i = 0; : : : ; q � 1 let �

i

= (q + 1)

i

�: We de�ne F (0) = 0;

F = (i+1)� on the interval [�

i�1

+�(q+1)

i�1

; �

i

] for 0 � i � q�1; linearly in between, and 0 elsewhere.

The constant � is chosen small enough so that

R

jF

0

j

2

� 1:

By the theorem of Strassen (see [11]), there are large values of n for which the rescaled graph of

the symmetric random walk uniformly approximates the graph of this function F : if w

n

=

p

2nloglogn;
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then we can �nd arbitrarily large n with

�

�

�

S

k

(!)

w

n

� F (

k

n

)

�

�

�

< � for k = 1; 2; : : :; n .

Fix such an n:

For each i = 1; : : : ; q; let I

i

= [(i � 1)�w

n

; i�w

n

): We now de�ne g(x) = 1 if x (mod q�w

n

)

2 I

q

[ I

1

[ I

2

; g(x) = 0 otherwise. (We are mainly interested in x 2 Z; but it is convenient to work for

the moment with R:) Notice that if (a part of) g is transferred by means of the Rokhlin lemma to any

aperiodic action of Z; we will have �fg = 1g < 4=q < �: Moreover, if x 2 Z; choosing i so that x(mod

q�w

n

) 2 I

q�i+1

shows that

A

!

�

i�1

n

g(y) �

1

n�

i�1

n�

i�1

P

n�

i�2

g(x + S

k

(!))

=

1

n�

i�1

n�

i�1

P

n�

i�2

g(x+ F (

k

n

)w

n

+ �

k

w

n

) (for some �

k

2 (��; �))

�

q�1

qn�

i�1

n�

i�1

P

n�

i�2

g(x+ i�w

n

+ �

k

w

n

) (dropping o� contributions from the rise of F )

�

q�1

q

n�

i�1

�n�

i�2

n�

i�1

� 1�

2

q

� 1� � ,

since x+ i�w

n

2 I

1

and j�

k

w

n

j � �w

n

:

REMARKS:

1. By a similar technique, if powers of a single transformation are applied independently according

to an integer-valued (not just �1� valued) i.i.d. process with �nite second moment and mean 0, then we

do not always have a.e. convergence. (We will show in the next section that such processes are universally

representative if they have nonzero mean.)

2. This counterexample implies that sampling a 
ow by an i.i.d. sequence, for example applying

S

1

or S

�

with � irrational (members of a measure-preserving 
ow fS

t

g) according to whether the entries

in a �xed i.i.d. mean zero Bernoulli sequence ! are 1 or �1; will not always produce a.e. convergence.

(Contrast with Example 2 of Section 3, where the sampling process has some memory.) For otherwise

we could deduce a maximal inequality in Z

2

for sampling according to ! 2 B(p; 1 � p); but in the 
ow

U

t

f(x) = f(x + t) on R, we can construct a counterexample as above for U

1

and U

�

if the expectation

p + (1 � p)� = 0. This is because if we did obtain a.e. convergence in some aperiodic 
ow for some

irrational �; we could deduce a maximal inequality for all aperiodic Z

2

actions and transfer it to the

situation of the counterexample, where it cannot hold.

3. For the same reason, for an i.i.d. sampling scheme of type (3) (choosing one of a pair of
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commuting m.p.t.'s according to the entries in a mean 0 Bernoulli sequence on f � 1; 1g); we cannot

have a.e. convergence of the full sequence of averages in any aperiodic Z

2

action (S

m

T

n

6= S

k

T

l

unless

(m;n) = (k; l)): We will see in Section 7 that we do always have a.e. convergence of a �xed subsequence

of the averages.

5. Sampling with independent integer-valued sequences with drift|the Fourier argument.

In this section we show that schemes of type (2) (I = Z); in which powers of a single m.p.t. are

applied according to an i.i.d. sequence with nonzero mean, are universally representative for L

p

for each

p > 1: The proof uses the Fourier method|estimation of trigonometric sums, with a simpli�cation and

improvement by means of an exponential inequality for martingales. It is similar to the method used by

Stout (see [11]) to prove an exponential inequality and law of the iterated logarithm for martingales. A

previous argument along these lines due to Blum and Cogburn [5] yields mean convergence.

THEOREM 5: Let I = Z;
 = I

N

; and P = �

1

; where � is a probability measure on Z such that !

1

has �nite second moment and nonzero mean � (that is, !

1

; !

2

; : : : is a sequence of i.i.d. integer-valued

random variables with �nite second moment and nonzero mean). Then the scheme (
; P ) is universally

representative for L

p

for each p > 1.

Proof: We need to show that for every (� � finite) invertible measure-preserving system (Y; C; �; U ) and

g 2 L

p

the averages

A

!

n

g(y) =

1

n

n

P

k=1

g(U

S

k

(!)

y)

converge a.e. We can assume that the greatest common divisor of the essential range of !

j

is 1. We are

going to compare A

N

to another sequence of (nonrandom) operators V

N

for which we already know a.e.

convergence. Let p

k

= Pf!

j

= kg, and let the L

1

- L

1

contraction R be de�ned by

Rf(x) =

1

P

k=�1

p

k

g(U

k

y);

and let

V

N

g(y) =

1

N

N

P

n�1

R

n

g(y):

By Hopf's ergodic theorem for positive contractions, for each g2 L

p

and for a.e. x there exists

lim

N!1

V

N

g(x) = g

�

(x) .
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The limit function g

�

is the projection of g onto the space of R� invariant functions. (In fact, using the

assumption that the essential range of the !

j

is 1; it is not hard to see that the R� invariant functions

coincide with the U � invariant functions.)

For each r > 1 let I

r

= f[r

n

] : n = 1,2,... g. The proof of our theorem consists of showing that for

a.e. ! and for each r > 1 we have

(1) k

P

N2I

r

�

�

A

!

N

g(y) � V

N

g(y)

�

�

k

p

� C

!;r

jjgk

p

.

For (1) implies that for a.e. ! 2 
 and each r > 1 we have, for a.e. x,

lim

and then convergence to g

�

along the full sequence follows from a well-known argument (see, for example,

[12]).

We proceed by a sequence of reductions. We can assume that 1 < p < 2. By the triangle inequality

(1) will follow from

P

N2I

r

kA

!

N

g(y) - V

N

g(y)k

p

� C

!;r

kgk

p

:

But this in turn follows if we show that there is � > 0 such that

(2)







A

!

N

g(y) � V

N

g(y)







p

�

C!

N

�

kgk

p

for all N = 1,2,...

Since we can interpolate between L

2

and L

1

; (2) follows from an estimate of the form

(3) kA

!

N

g(y) - V

N

g(y)k

2

�

C

!

N

�

kgk

2

; N = 1,2,...

with a positive �: An application of the spectral theorem shows that (3) follows from

(4) sup

j�j � 1=2

j

^

A

!

N

(�) -

b

V

N

(�)j �

C

!

N

�

; N = 1,2,... .

Using the notation e(�) = e

2�i�

and letting �(�) =

1

P

k=�1

p

k

e(k�) (the characteristic function of !

j

); the

Fourier transforms

^

A

!

N

and

b

V

N

(into [-1/2,1/2)) are

^

A

!

N

(�) =

1

N

N

P

n�1

e(S

n

(!)�)

and

b

V

N

(�) =

1

N

N

P

n�1

b

R

n

(�) =

1

N

N

P

n�1

(�(�))

n

.

The estimate in (4) will be proved in two parts. First we will work with small �; showing that
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(5) sup

j�j � N

�3=4

j

^

A

!

N

(�) -

b

V

N

(�)j �

C

!

N

�

;

and then we will obtain bounds for the rest of the �'s, namely

(6) sup

N

�3=4

� j�j � 1=2

j

b

V

N

(�)j �

C

!

N

�

,

and

(7) sup

N

�3=4

� j�j � 1=2

j

b

A

!

N

(�)j �

C

!

N

�

.

Proof of (5):

First we write

(8)

�

�

�

�

1

N

N

P

n�1

e(S

n

(!)�)�

1

N

N

P

n�1

(�(�))

n

�

�

�

�

�

1

N

N

P

n�1

je(S

n

(!)�) - (�(�)

n

j

�

1

N

N

P

n�1

je(A

n

(!)�) - e(n��)j + je(n��) - (�(�)

n

j = 
 .

By the (Hartman-Wintner) law of the iterated logarithm there is a set of full measure 


1

� 
 so that if

! 2 


1

then jS

n

(!) - n��j � C

!

(nloglogn)

1=2

: It follows, using j�j � N

�3=4

, that

(9) je(S

n

(!)� - e(nS�)j = je((S

n

(!) - n�)�) - 1j � 2�C

!

j�j (nloglogn)

1=2

� C

!

(loglogN )

1=2

N

�1=4

:

Next we show that we have the estimate

(10) je(n��) - (�(�))

n

j � CN

�1=2

:

To see this �rst note that �(�) is twice continuously di�erentiable (since !

j

has �nite second moment);

hence

(11) �(�) = 1 + �

0

(0)� + O(�

2

) = 1 + 2�i�� + O(�

2

):

We also have

e(��) = 1 + 2�i�� + O(�

2

):

We can now estimate that

j(e(n��)) � (�(�))

n

j = j(e(��))

n

� (�(�))

n

j � nje(��) - �(�)j � n C�

2

� CN

�1=2

;
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since �

2

� N

�3=2

: By (9) and (10) we can �nish the estimation in (8): 
 � C

!

(loglogN )

1=2

N

�1=4

:

The above proof did not use the assumption that � 6= 0: On the other hand this is the only part

of the theorem where we used that !

j

had �nite second moment. From now on we will use only that !

j

has �nite �rst moment.

Proof of (6):

We continue with the notation of the previous proof. By (11), since � 6= 0; there are � > 0 and c >

0 so that j1 - �(�)j � cj�j whenever j�j < �: On the other hand, on the compact set

1

2

� j�j � � we have

j1� �(�)j � � for some positive �: This is because the gcd of the essential range of !

j

is 1, and hence for

-1/2 � � � 1/2 we have �(�) = 1 if and only if � = 0. To sum up: there is C > 0 so that j1 - �(�)j �

Cj�j whenever j�j � 1/2. Now we can estimate that for j�j � N

�3=4

j

b

V

N

(�)j =

�

�

�

�

1

N

N

P

n�1

(�(�))

n

�

�

�

�

�

1

N

�

�

�

1�(�(�))

n�1

1��(�)

�

�

�

�

1

N

2

j1��(�)j

�

1

N

2

Cj�j

� CN

�1=4

:

Proof of (7):

We shall prove that there is a constant K (independent of N) so that for each 0< j�j � 1=2

(12) P

8

<

:

!j

�

�

�

�

1

N

N

P

n�1

e(S

n

(!)�)

�

�

�

�

� K�

q

logN

Nj1��(�)j

9

=

;

� CN

�4

:

Let us see how (12) implies (7). During the course of the proof of (6) we have shown that

j1 - �(�)j � Cj�j whenever j�j � 1/2.

Therefore forj�j � N

�3=4

(12) implies

P

8

<

:

!j

�

�

�

�

1

N

N

P

n�1

e(S

n

(!)�)

�

�

�

�

� C �

p

logN � N

�1=8

9

=

;

� CN

�4

:

It follows that if we de�ne H

N

= f�j 1/2 � j�j � N

�3=4

; � = k/N

2

for some integer kg, then

P

8

<

:

!j

sup

�2H

N

�

�

�

�

1

N

N

P

n=1

e(S

n

(!)�)

�

�

�

�

� C �

p

logN � N

�1=8

9

=

;

� CN

�2

;

since #H

N

� N

2

: By the Borel-Cantelli lemma, for a.e. !; for every N

sup

�2H

N

�

�

�

�

1

N

N

P

n=1

e(S

n

(!)�)

�

�

�

�

� C

!

�

p

logN � N

�1=8

:

Now to get the estimate in (7) (in which the supremum is taken over all 1/2 � j�j � N

�3=4

) we just use

the fact that for a.e. ! for every N we have the following uniform estimate for the derivative of

^

A

!

N

(�) :
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�

�

�

�

�

�

�

�

�

�

�

�

d

0

@

1

N

N

P

n=1

eS

n

(!)�

1

A

d�

�

�

�

�

�

�

�

�

�

�

�

�

=

�

�

�

�

1

N

N

P

n=1

2�iS

n

(!)e(S

n

(!)�

�

�

�

�

�

1

N

N

P

n�1

2�n

jS

n

(!)j

n

� C

!

N

(for a.e. !; sup

n

jS

n

(!)j=n <1):

So let us prove (12). We can assume that

(13)

q

logN

Nj1��(�)j

� 1.

We need to prove that

P

8

<

:

!j

�

�

�

�

p

j1��(�)j�logN

p

N

N

P

n�1

e(S

n

(!)�

�

�

�

�

� KlogN

9

=

;

� CN

�4

,

or, with the notation � =

q

j1��(�)j�logN

N

and F

N

= �

N

P

n�1

e(S

n

�) ,

(14) P

�

!j jF

N

(!)j � K�logN

�

� CN

�4

.

We can estimate the left-hand side of (14) as

P

�

!j jF

N

(!)j � K�logN

�

� E

�

e

jF

N

j

�

d

�KlogN

.

We see we just need to have the estimate

(15) E

�

e

jF

N

j

�

� e

ClogN

,

because then we just have to choose K � C + 4. Let R

N

and I

N

denote the real and imaginary parts

of F

N

respectively. We can write, using ab � 1/2(a

2

+ b

2

);

E

�

e

2R

N

�

� e

ClogN

; E

�

e

�2R

N

�

� e

ClogN

; E

�

e

2I

N

�

� e

ClogN

; E

�

e

�2I

N

�

� e

ClogN

.

We will only show

(16) E

�

e

2R

N

�

� e

ClogN

,

the proofs of the other bounds being entirely similar. For m� 1 let us denote by B

m

the sub ��algebra ofB

generated by f!

1

; :::; !

m

g; and let B

0

= f
; ;g:We de�ne the (�nite) martingale f(F

m

;B

m

) : m= 0; 1,...,Ng

and its real part f(R

m

;B

m

) : m= 0; 1, ...,Ngby setting

F

m

(!) = E

B

m

F

N

(!) and R

m

(!) = E

B

m

(R

N

(!)); m= 0; :::; N;
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where E

B

m

denotes the conditional expectation operator with respect to B

m

: We will show the estimates

(17) jR

0

j � 2,

(18) E

B

m�1

((R

m

� R

m�1

)) � C

logN

N

; m = 1,2...,N,

and

(19) E

B

m�1

(exp(2(R

m

- R

m�1

))) � exp

�

C � E

B

m�1

((R

m

- R

m�1

)

2

)

�

; m= 1; :::; N:

Then we would get (16) as follows: by (19) and (18) we have

E

B

m�1

(exp(2(R

m

- R

m�1

))) � e

ClogN=N

; m= 1; :::; N;

and hence

E(e

2R

N

) = E(E

B

N�1

(e

2R

N

)) = E(E

B

N�1

(e

2(R

N

�R

N�1

) � e

2R

N�1

)

� e

ClogN=N

� E(e

2R

N�1

) � e

2ClogN=N

� E(e

2R

N�2

)

� ::: � e

NClogN=N

� E(e

ClogN+4

);

with the last inequality following from (17).

So let us prove (17) - (19). We need explicit formulas for F

m

: By the (complete) independence of

the !

j

's,

E

B

m

(e(A

m+1

(!)�)) = e(A

m

(!)� � �(�);

and therefore

F

N

= �

N

P

n�1

e(S

n

�) = � �

0

@

N�1

P

n�1

e(S

n

�) + e(!

N

�) � e(S

N�1

�)

1

A

;

F

N�1

= � �

0

@

N�1

P

n�1

e(S

n

�) + �(�) � e(S

N�1

�)

1

A

=

= � �

0

@

N�2

P

n�1

e(S

n

�) +

1��

2

(�)

1��(�)

e(!

N�1

�) � e(S

N�2

�)

1

A

;

F

N�2

= � �

0

@

N�2

P

n�1

e(S

n

�) +

1��

2

(�)

1��(�)

�(�) � e(S

N�2

�)

1

A

=

= � �

0

@

N�3

P

n�1

3(S

n

�) +

1��

3

(�)

1��(�)

e(!

N�2

�) � e(S

N�3

�)

1

A

;
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.

.

.

F

m

= � �

0

@

m

P

n�1

e(S

n

�) +

1��

N�m

(�)

1��(�)

�(�) � e(S

m

�)

1

A

=

= � �

0

@

m�1

P

n�1

e(S

n

�) +

1��

N�m+1

(�)

1��(�)

e(!

m

�) � e(S

m�1

�)

1

A

;

.

.

.

F

1

= � �

1��

N

(�)

1��(�)

e(!

1

�) ;

F

0

= � �

1��

N

(�)

1��(�)

�(�) .

Now (17) follows immediately from (13) and the above expression for F

0

: We also have the following

estimate for m = 1,2,...,N:

E

B

m�1

(jF

m

� F

m�1

j

2

) =

j1��(�)j�logN

N

�

�

�

�

1��

N�m+1

(�)

1��(�)

�

�

�

2

� E

B

m�1

(je(!

m

�) � �(�)j

2

)

�

logN

N

4 �

1�j�(�)j

2

j1��(�)j

� C

logN

N

,

since

1�j�(�)j

2

j1��(�)j

is bounded uniformly in � (not an integer) . This implies (18).

Finally we prove (19). Let d

m

= 2(R

m

- R

m�1

): Then

(20) j d

m

j � 2jF

m

- F

m�1

j � 8.

This is because by (13)

jF

m

� F

m�1

j =

q

j1��(�)j�logN

N

�

�

�

�

1��

N�m+1

(�)

1��(�)

�

�

�

� je(!

m

�)� �(�)j � 4.

Now by (20)

E

B

m

(e

d

m

) = E

B

m�1

"

1 + d

m

+

1

P

j=2

d

j

m

j!

#

= E

B

m�1

"

1 + d

m

+ d

m

2

1

P

j=2

d

j�2

m

j!

#

� E

B

m�1

0

@

1 + d

m

+ d

2

m

�

1

P

j=0

8

j

j

!

1

A

= 1 + 0 + E

B

m�1

(d

2

m

) � e

8

� exp(CE

B

m�1

(d

2

m

)) ,

which �nishes the proof.

REMARKS: 1. Combining this Theorem with the counterexample that precedes it, we see that a square-

integrable integer-valued i.i.d. process provides a universally representative sampling scheme if and only
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if it has nonzero mean.

2. The equivalent of Theorem 5 holds if the transformation U being sampled is a positive contrac-

tion of L

p

; not necessarily a m.p.t. [12].

6. Sampling with any integer-valued stationary sequence with drift|the tower argument.

In this section we use a more ergodic-theoretic viewpoint (towers, orbit equivalence) to show that

any (ergodic) integrable integer-valued stochastic process with nonzero mean is universally representative

for bounded stationary processes. For the positive integer-valued case, the reduction of universal represen-

tation to the return-times theorem (by means of towers) was made in Section 1; with some more e�ort,

we can accomplish the same thing in the positive expectation case.

THEOREM 6: Let I = Z;
 = I

Z

; and let P be an ergodic shift-invariant probability measure on


: Suppose that f = !

1

is integrable and has nonzero mean �: Then the scheme (
; P ) is universally

representative for L

1

:

Proof. Assume that � > 0: We use the notations

S

k

(!) = !

1

+ : : :+ !

k

=

k�1

P

j=0

f(�

j

!) for k � 1;

S

0

(!) = 0; and

S

k

(!) = !

k+1

+ : : :+ !

0

=

�1

P

j=k

f(�

j

!) for k � �1:

Also, forU a m.p.t. on a probability space (Y; C; �) and g a bounded measurable function on Y, continue

to denote

A

!

n

g(y) =

1

n

n

P

k=1

g(U

S

k

(!)

y) .

De�ne

M (!; n) = maxfS

j

(!) : 1 � j � ng;

m(!; n) = minfS

j

(!) : 1 � j � ng;

N

n

(!; k) = cardfj : 1 � j � n; S

j

(!) = kg (for each k 2 Z ),

N

�

(!; k) = cardfj < 0 : S

j

(!) = kg (k 2 Z ).

and
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N (!; k) = cardfj 2 Z : S

j

(!) = kg (k 2 Z):

We abbreviate Z(!) = N (!; 0) + 1: Then

A

!

n

g(y) =

M(!;n)

n

1

M(!;n)

M(!;n)

P

k=m(!;n)

g(U

k

y) N

n

(!; k):

Assume that g � 0: We will show that for a.e. ! 2 
 (with the set of measure 0 not depending on

(Y; C; �; U; g));

(1)

M(!;n)

n

! � , and

(2) B

M

=

1

M

M

P

k=1

g(U

k

y) N (!; k) converges for a.e. y 2 Y as M !1:

Now

(3) M (!; n)!1 as n!1;

(4) m(!; n) is bounded;

(5) N (!; k) = N

n

(!; k) + N

�

(!; k); and N

�

(!; k) = 0 for k � k

0

(!);

(6) By the Ergodic Theorem, given � > 0 for large n we have S

n

2 [(� � �)n; (�+ �)n]: Thus

for large n (and M =M (!; n)); the di�erence between B

M

and

B

n

M

=

1

M

M

P

k=1

g(U

k

y) N

n

(!; k)

is bounded by

1

M

(�+�)n^M

P

k=(���)n

g(U

k

y) N (!; k) ;

using (2), this can be seen to be on the order of �:

To prove (1), take the sequence n

1

< n

2

< : : : of record times, i.e. such that M (!; n

j

) = S

n

j

(!)

for each j; and S

n

(!) �M (!; n) = M (!; n

j

) for n

j

� n < n

j+1

: Given � > 0; choose J large enough that

for n � n

J

; S

n

(!)=n is within � of �: Then for n � n

J

; say with n

j

� n < n

j+1

; we have

S

n

(!)

n

�

M(!;n)

n

=

M(!;n

j

)

n

�

M(!;n

j

)

n

j

=

S

n

j

n

j

,

all of which are within � of �:
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To prove (2), we will express the averages involved as those found in an application of the return-

times theorem to another transformation related to the shift � on 
: The tower will have for its base

A = f! 2 
 : if k < 0 then S

k

(!) 6= 0g

with a column of height

h(!) = inffS

k

(!) : k 2 Z and S

k

(!) > 0g

above each point ! 2 A: Notice that A has positive measure (for example, it contains the set A; for the

transformation �

�1

; as de�ned in [15, p. 83]).

We will de�ne an ergodic m.p.t.  : A! A; and then our desired system (X;T ) will be the tower

over (A; ) with height function h: Fix ! 2 
 and spread out the �� orbit of ! in Z�N as follows. Over

each integer i in fS

k

(!) : k 2 Zg (the range of the cocycle) place a column (of height N (!; i)) of the

points �

j

! in the orbit of ! arrived at when this value is assumed (i.e., include �

k�1

! in the stack over

i if S

k

(!) = i); ordered from bottom to top according to the order that the orbit of ! inherits from Z:

(This picture may usefully be arrived at by plotting the random walk fS

k

(!) : k 2 Zg as a \snake graph"

over Z:) There are a few neat things to notice about this array of points:

(3) Any sum between a pair of elements in a stack is 0: If j < k and S

j

(!) = S

k

(!) = i; then

S

k�j

(�

j

!) = 0:

(4) The bottom element of each stack is in A:

(5) If ! is replaced by another point in its orbit, we obtain essentially the same picture, just

translated horizontally.

(6) The horizontal distance from the stack over �

j

! 2 A to the next one to the right of it is h(�

j

!):

Further, looking at this array of points also allows one to see that h is integrable. Consider the

region under the graph of jf j on 
 to be made up of segments D(x) of length jf(x)j over the points x 2 
:

We will cut up and rearrange this region in a measure-preserving way. Fix ! 2 
 and spread out the orbit

of ! in the array described above. For x in the orbit of !; lay out a horizontal segment (of length jf(�x)j)

from the stack including x to the one including �x: This segment crosses a certain set of points z 2 A;

where \crosses" means that z lies under the left closed, right open segment. For each such z crossed by

a segment, we cut o� that part of the segment, of length h(z); that extends from the stack over z to the

next stack to its right, and we assign this piece of the segment to z 2 A: Looking at the entire graph of

the random walk, we see that in this way each z 2 A gets assigned to it the number of segments that

cross its stack, which is
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n(z) = cardfj 2 Z : one of S

j

(z); S

j+1

(z) is nonpositive and the other is positiveg.

Since the cutting is done measurably and the rearranging (the assigning of pieces of D(x); for each x 2 
;

to certain z 2 A) is accomplished by powers of � in the �rst coordinate and translation in the second,

this process is a measure-preserving transformation of the region in 
 � Z under the graph of jf j to the

region in A� Z under the graph of n(z)h(z): Thus

R




jf jdP =

R

A

n(z)h(z)dP ,

and in particular, since n(z) � 1 a.e., the integrability of f implies that of h:

Now we de�ne a map � : 
 ! 
 as follows. Given ! 2 
; form the array corresponding to it

as above. If ! is not the top element in a stack, let �! be the point immediately above it; otherwise,

let �! be the point on the bottom of the next stack to the right. Then � is a well-de�ned, measurable,

one-to-one, onto map of the form � (!) = �

j(!)

(!) which has the same orbits as does �; therefore � is an

ergodic m.p.t. on 
:

Let  : A ! A be the �rst-return map (under � ) to A: Thus for each z 2 A;  z is the element

on the bottom of the stack to the right of z: Further, for any x 2 
; let �x be the bottom element of

the stack to which x belongs (this is independent of the starting point in the � � orbit of x used to form

the array). Finally, as mentioned above, (X;T ) is the measure-preserving system obtained by building a

tower with height function h over (A; ): Extend Z(!) = cardfj 2 Z : S

j

(!) = 0g to X by de�ning it to

be 0 o� A: Then

1

M

M

P

k=1

g(U

k

z) N (!; k) =

1

M

M

P

k=1

g(U

k

y) Z(T

k

�!) .

By the return-times theorem, for almost all �!; and hence for almost all !; for any measure-preserving

system (Y; C; �; U ) and any g 2 L

1

(Y ) these averages converge a.e. d�(y):

REMARK: If Z 2 L

p

(A) for some 1 � p � 1; and

1

p

+

1

q

= 1; then for a.a. ! we will obtain a.e. convergence

of A

!

n

g(y) for all systems (Y; C; �; U ) and all g 2 L

q

(Y ): This follows from the above argument and the

L

p

; L

q

version of the return-times theorem.

7. Independent applications of elements of a higher-dimensional action|convergence of a

subsequence.

In this section we consider sampling schemes of type (6), applications of elements of a higher-

dimensional measure-preserving action selected at random independently (for example, at each time we
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apply one of a �nite set of commuting m.p.t.'s): d is a positive integer, � is a probability measure on Z

d

with �nite second moment (i.e.

P

jkj

2

�(k) < 1); and (
;P) = (Z

d

; �)

N

; the product measure space of

in�nitely many copies of (Z

d

; �): We continue to let S

n

(!) = !

1

+ ... + !

n

; where !

j

is the projection of

! onto the j'th coordinate space of 
 = (Z

d

)

N

: The p-th coordinate of a vector v 2 R

d

is denoted by v

(p)

:

We use the absolute value sign two (not really di�erent) ways: jxj means the absolute value of the real

number x; but for a vector x 2 R

d

we understand jxj = max

1�p�d

jx

(p)

j: The Fourier-transform variables

�; � 2 R

d

always satisfy j�j; j�j � 1=2: The constants mentioned below can depend on the dimension d.

THEOREM 7: For t = 1,2,... let N

t

= [2

tlogt

]: Then a.e. !2 
 has the following property: for every

measure-preserving action of Z

d

on a � � finite measure space (Y; C; �) and every g 2 L

2

( Y ), the limit

lim

t!1

1

N

t

N

t

P

n=1

g(U

S

n

(!)

y)

exists for a.e. y2 Y:

REMARKS:

(1) We will see from the proof that if the support of � generates (with respect to addition) the

whole of Z

d

; then the above limit is � � a:e: equal to the projection of g on the space of U-invariant

functions.

(2) Probably the methods of [2] can be used to prove a.e. convergence for g2 L

p

(Y ); p > 1, but

we do not know what happens for g2 L

1

(Y ):

(3) U can be replaced by a Z

d

� action of positive L

2

� contractions: (The spectral theorem is

valid for L

2

� contractions; not just for isometries.)

(4) There is an L

2

� dense class of g's for which the averages converge along the full sequence N =

1,2,..., and not just along the subsequence N

t

: (Take the ranges of the images of the spectral measures of

the d� torus with a neighborhood of the origin removed. The Fourier transforms of the kernels involved

tend to 0 uniformly on each such set. If the support of � fails to generate, we may need to remove a �nite

number of d� dimensional cubes.)

(5) If we had convergence along the sequence N

t

= 2

t

then we would also have convergence for

the full sequence. (This is because, for positive operators, existence of a maximal inequality along such a

subsequence implies the maximal inequality along the full sequence, and we have convergence on a dense

set.)

(6) It is easy to modify our proof below to get a.e. convergence of the averages along the subsequence

N

t

= t! or N

t

= [2

ctlogt

], where c is any �xed positive constant. The secret is that fN

t

g should satisfy:
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N

t

> 1 and N

t+1

=N

t

should be greater than a �xed positive power of log (N

t

): Any such sequence has

the following three key properties:

(i) There is a positive integer s so that for any given nonnegative t

0

;

if t� t

0

+ s then

logN

t

N

t

�

1

p

N

t

0

+1

loglogN

t

0

+1

.

(ii) For each t

0

;

P

t<t

0

N

t

< N

t

0

.

(iii) If M

t

= logN

t

=N

t

, then

P

t�t

0

M

t

� CM

t

0

.

(7) We have mean convergence along the full sequence N = 1,2... (since we have a.e. convergence

for a dense set).

Proof of Theorem 7. The ideas are similar to the proof of Theorem 5. We can assume that the support

of � generates Z

d

: (Otherwise consider a subaction of Z

d

which is necessarily isomorphic to a Z

d

� action

for some d

0

� d): For ! 2 
; continue to denote

A

!

N

g(y) =

1

N

N

P

n=1

g(U

S

n

(!)

y) .

We are going to compare A

!

N

to another sequence of operators V

N

: First we de�ne

Rg(y) =

P

k2Z

d

�(k)g(U

k

y);

and then we let

V

N

g(y) =

1

N

N

P

n=1

R

n

g(y):

By the Hopf ergodic theorem, for each g2 L

2

and a.e. y we have

lim

N!1

V

N

g(y) = g

�

(y);

where g

�

is the projection of g on the space of R-invariant functions. In fact, it is not hard to see that

the R-invariant functions coincide with the U-invariant functions. We want to show that there is 


0

� 


with P(


0

) = 1 such that if !2 


0

then
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(8)

R

Y

0

@

1

P

t=1

jA

!

N

t

g(y) � V

N

t

g(y)j

2

1

A

dy � C

!

kgk

2

L

2

(Y ):

An application of the spectral theorem shows that (8) follows from

(9)sup

�

1

P

t=1

j

^

A

!

N

t

(�)�

b

V

N

t

(�)j

2

� C

!

;

where the Fourier-transforms

^

A

!

N

(�) and

b

V

N

(�) are

^

A

!

N

(�) =

1

N

N

P

n=1

e(S

n

(!) ��)

and

b

V

N

(�) =

1

N

N

P

n=1

('(�))

n

,

and '(�) =

P

k2Z

d

�(k)e(k��) .

The inequality in (9) will be a consequence of the following estimates (compare with inequalities

5-7 in the proof of Theorem 5):

(10)

�

�

�

b

A

!

N

(�)�

b

V

N

(�)

�

�

�

� min

�

2; C

!

j�j

p

NloglogN

�

;

(11)

�

�

�

b

V

N

(�)

�

�

�

� min

�

1;

C

Nj�j

2

�

;

and

(12)

�

�

�

b

A

!

N

(�)

�

�

�

� min

8

<

:

1; C

!

q

logN

Nj�j

2

9

=

;

:

Let us deduce a single inequality that is a consequence of (10)-(12) (using the fact that the square

root of a number less than one is greater than the number):

(13)

�

�

�

b

A

!

N

(�)�

b

V

N

(�)

�

�

�

�min

8

<

:

2; C

!

j�j

p

NloglogN ; C

!

p

logN

N

j�j

9

=

;

:

Note that for �xed N the above estimate gives only the trivial bound 2 if

2

C

!

1

p

NloglogN

� j�j �

C

!

2

q

logN

N

.

This is the main cause of di�culty; however, along the highly lacunary subsequence fN

t

g; each � is in

this undesirable region for only a bounded number of steps. Before we prove the estimates (10)-(12), let

us see how they�that is (13)� imply (9). We will use the properties mentioned in Remark (6).

Fix �6= 0. Let t

0

be the largest positive integer t satisfying j�j �

1

p

N

t

loglogN

t

. (If there is no t

like this then we take t

0

= 0.) Note that
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1

p

N

t

0

+1

loglogN

t

0

+1

< j�j:

Using the s from Remark 6 (i), we now split the sum on the left of (9) into three subsums:

1

P

t=1

�

�

�

b

A

!

N

t

(�) �

b

V

N

t

(�)

�

�

�

2

=

=

P

1�t�t

0

j � j

2

+

P

t

0

<t<t

0

+s

j � j

2

+

P

t

0

+s�t

j � j

2

.

Using (13) and the de�nition of N

t

we can estimate the �rst sum as

P

1�t�t

0

j � j

2

�

P

1�t�t

0

�

C

!

j�j

p

N

t

loglogN

t

�

2

�

�

P

1�t�t

0

0

@

C

!

p

N

t

loglogN

t

p

N

t

o

+1

loglogN

t

0

+1

1

A

2

� C

!

;

then the second as

P

t

0

<t<t

0

+s

j � j

2

�

P

t

0

<t<t

0

+s

2

2

� 4s = C;

and �nally the third as

P

t

0

+s�t

j � j

2

�

P

t

0

+s�t

0

@

C

!

p

logN

t

N

t

j�j

1

A

2

=

P

t

0

+s�t

0

@

C

!

p

logN

t

N

t

q

logN

t

0+s

N

t

0+s

1

A

2

� C

!

;

which implies (9).

Proof of (10). Let us put � =

P

k2Z

d

k�(k), the mean element of the random action. First we write

�

�

�

�

1

N

N

P

n=1

e(S

n

(!) � �)�

1

N

N

P

n=1

('(�))

n

�

�

�

�

�

1

N

N

P

n=1

je(S

n

(!)��)�('(�))

n

j

�

1

N

N

P

n=1

je(S

n

(!)��)�e(n� � �)j + je(n� ��)�('(�))

n

j = 
 .

By the law of the iterated logarithm there is a set 


1

� 
 of full measure such that if !2 


1

then

jS

n

(!)�n�j � C

!

p

nloglogn for all n: (The d-dimensional estimate follows by using the one dimenional

one on each coordinate.) As in the proof of (5.5) we get

(14) je(S

n

(!)��) � e(n���)j � C

!

j�j

p

nloglogn:

Next we show that
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(15) je(n���) � ('(�))

n

j � Cj�j

2

n:

To see this �rst note that (since � has �nite second moment)

�(�) = 1 + 2�i� � � + O(j�j

2

):

We also have

e(� � �) = 1 + 2�i� �� + O(j�j

2

):

As in the proof of (5.5) the above two estimates imply (15). By (14) and (15) we can �nish our proof:


 � C

!

j�j

p

NloglogN + Cj�j

2

N

� C

!

j�j

p

NloglogN ;

(using C

!

j�j

p

NloglogN < 2 and that the square root of a number less then one is greater than the

number).

Proof of (11). We can assume that � 6= 0. It follows that '(�)6= 1; since the support of ' generates Z

d

:

Summing the geometric progression, we get

�

�

�

b

V

N

(�)

�

�

�

�

2

Nj1�'(�)j

.

We see that we just have to prove that

(16) j1�'(�)j � Cj�j

2

;

with C independent of � and N. (Recall the two meanings of j � j:) As in the proof of (5.6) it is enough to

prove (16) in a neighborhood of 0. First we write

j1� '(�)j � j1�R('(�))j =

�

�

�

�

�

1�

P

k2Z

d

'(k)cos(2�k � �

�

�

�

�

�

= 2�

2

P

k2Z

d

'(k)(k��)

2

+ o(j�j

2

);

since � has �nite second moment.

We see we just need to show that

(17)

P

k2Z

d

'(k)(k��)

2

� Cj�j

2

:
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Let us de�ne the quadratic form Q on R

d

by

Q(x,x) =

P

k2Z

d

'(k)(k�x)

2

.

Since the support of ' generates Z

d

it follows that Q is positive de�nite. By classical results, there is a

basis fv

1

; :::; v

d

g of R

d

; and positive numbers �

1

; :::; �

d

; so that if x =

d

P

q=1

x

(q)

v

q

then

Q(x,x) =

d

P

q=1

x

(q)

2

�

q

:

Therefore

Q(x,x) � C max

1 � q � d

x

(q)

2

:

To prove (17) we just need to prove that j�j � C max

1 � q � d

j �

(q)

j:

Let fw

1

:::; w

d

g be the orthonormal basis for which we de�ned the coordinates �

(p)

: We have

d

P

p=1

�

(p)

w

p

=

d

P

q=1

�

(q)

v

q

:

It follows that

j�

(p)

j =

�

�

�

�

�

d

P

q=1

�

(q)

(v

q

�w

p

)

�

�

�

�

�

� C

p

max

1�q�d

j�

(q)

j

� C

max

1�q�d

j�

(q)

j

and we are done.

Proof of (12). An argument identical with the proof of (5.7) gives a constant K so that for every � and

every N

P

8

<

:

! j

�

�

�

b

A

!

N

(�)

�

�

�

� K

q

logN

Nj1�'(�)j

9

=

;

� CN

�2�2d

(just choose K large enough, d being �xed). By the estimate in (16) this implies that (with a di�erent K)

(18) P

8

<

:

! j

�

�

�

b

A

!

N

(�)

�

�

�

� K

q

logN

Nj�j

2

9

=

;

� CN

�2�2d

:

Let H

N

= f� j �

(p)

= k

(p)

=N

2

; p = 1,...,d, for some k2 Z

d

g: By (18) we have

P

0

@

[

�2H

N

8

<

:

! j

�

�

�

b

A

!

N

(�)

�

�

�

� K

q

logN

Nj�j

2

9

=

;

1

A

� Cn

�2

:

By the Borel Cantelli Lemma there is a set 


2

� 
 of full measure so that if ! 2 


2

then for �2 H

N
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(19)

�

�

�

b

A

!

N

(�)

�

�

�

� C

!

q

logN

Nj�j

2

.

But we want (19) to hold for every �. An application of the Law of Large Numbers shows that there is a

set 


3

� 
 of full measure so that if ! 2 


3

then for j� � � j � N

�2

(20)

�

�

�

b

A

!

N

(�)�

b

A

!

N

(�)

�

�

�

�

C

!

N

(estimate the di�erences of exponentials, or take the gradient). Now (19) and (20) imply (12), since the

right-hand side of (19) is at least C

!

p

logN=N and we may assume that C

!

p

logN=N

1

j�j

< 1:

THEOREM 8: A.e. !2 
 has the following property: for every measure-preserving action of Z

d

on a

� � finite measure space (Y; C; �) and every g 2 L

2

(Y );

lim

N !1

1

N(logNloglogN)

1=4

N

P

n=1

g(U

S

n

(!)

y) = 0 a.e. d�(y):

Proof: We may assume that the support of � generates Z

d

: Denote

B

!

N

g(y) =

1

N(logNloglogN)

1=4

N

P

n=1

g(U

S

n

(!)

y) .

Fix r > 1 and let N

t

= N

t

(r) = br

t

c: It is enough to prove that for each r > 1;

lim

t!1

B

!

N

t

g(y) = 0 .

We are going to compare B

!

N

to

W

N

g(y) =

1

N(logNloglogN )

1=4

N

P

n=1

R

n

g(y) ,

where R is as in the proof of Theorem 5. By Hopf's theorem, for each g 2 L

2

and a.e. y we have

lim

N !1

W

N

g(y) = 0 .

As before, it is enough to show that for a.e. ! 2 


(21)sup

�

1

P

t=1

�

�

�

b

B

!

N

t

(�)�

c

W

N

t

(�)

�

�

�

2

� C

!

,

where the Fourier transforms of the kernels are
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b

B

!

N

(�) =

1

N(logNloglogN)

1=4

N

P

n=1

e(S

n

(!) ��)

and

c

W

N

(�) =

1

N(logNloglogN)

1=4

N

P

n=1

(�(�))

n

,

with �(�) as before. If

u

N

=

2

(logNloglogN)

1=4

and

v

N

=

p

N (loglogN)

1=4

log

1=4

N

,

then the estimate (13) gives

�

�

�

b

B

!

N

(�)�

c

W

N

(�)

�

�

�

� min fu

N

; C

!

j�jv

N

;

C

!

v

N

j�j

g .

This time we obtain the \trivial" bound u

N

when � is inside a small cubebut outside a really small cube

at stage N (

u

N

C

!

1

v

N

� j�j �

C

!

u

N

1

v

N

): Again, along the lacunary sequence fN

t

g; the two sequences of squares

pass each other after a �xed delay: there is an s such that

C

!

u

N

t

1

v

N

t

� j�j �

u

N

t+s

C

!

1

v

N

t+s

for all t ,

and so we may again select t

0

to be the largest t with

u

N

C

!

1

v

N

t

� j�j

and decompose the sum into three pieces as before.

REFERENCES

1. A. Bellow and V. Losert, The weighted pointwise ergodic theorem and the individual ergodic theorem

along subsequences, Trans. Amer. Math. Soc. 288 (1985), 307-345.

2. A. Bellow, R.L. Jones, and J. Rosenblatt, Almost everywhere convergence of weighted averages, Math.

Ann. 293 (1992), 399-426.

3. V. Bergelson, M. Boshernitzan, and J. Bourgain, Some results on non-linear recurrence, preprint.

4. N. H. Bingham and Charles M. Goldie, Probabilistic and deterministic averaging, Trans. Amer. Math.

Soc. 269 (1982), 453-480.

5. J. R. Blum and R. Cogburn, On ergodic sequences of measures, Proc. Amer. Math. soc. 51 (1975),

359{365.



35

6. J. Bourgain, On the maximal ergodic theorem for certain subsets of the integers, Israel J. Math. 61

(1988), 39-72.

7. J. Bourgain, An approach to pointwise ergodic theorems, Springer Lecture Notes in Math. 1317 (1988),

204-223.

8. J. Bourgain, H. Furstenberg, Y. Katznelson, and D. Ornstein, Return times of dynamical systems,

appendix to Pointwise ergodic theorems for arithmetic sets, by J. Bourgain, Pub. Math. I.H.E.S. 69

(1989), 5-45.

9. A. del Junco and J. Rosenblatt, Counterexamples in ergodic theory and number theory, Math. Ann.

245 (1979), 185-197.

10. Richard Durrett, Probability Theory and Examples, Wadsworth & Brooks/Cole, Belmont, CA, 1991,

p. 394.

11. P. Hall and C.C. Heyde, Martingale Limit Theory and Its Applications, Academic Press, New York,

1980.

12. R. Jones, J. Olsen, and M. Wierdl, Subsequence ergodic theorems for L

p

contractions, Trans. Amer.

Math. Soc., to appear.

13. R. Jones and M. Wierdl, Examples of a.e. convergence and divergence of ergodic averages, preprint.

14. I. Meilijson, The average of the values of a function at random points, Israel J. Math. 15 (1973),

193-203.

15. K. Petersen, Ergodic Theory, Cambridge University Press, Cambridge and New York, 1983 and 1989.

16. K. Petersen, On a series of cosecants related to a problem in ergodic theory, Comp. Math. 26 (1973),

313-317.

17. M. Wierdl, Pointwise ergodic theorem along the prime numbers, Israel J. Math. 64 (1988), 315-336.

Author Addresses

Lacey: Petersen and Wierdl: Rudolph:

Department of Mathematics Department of Mathematics Department of Mathematics

Indiana University CB3250, Phillips Hall University of Maryland

Bloomington, IN 47405 University of North Carolina College Park, MD 20742

Chapel Hill, NC 27599


